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Abstract

Due to its importance in generalizing and preserving sub-
classes of univalent functions, differential and integral oper-
ators have aroused a great interest in the theory of geomet-
ric functions. However, little attention has been paid to con-
struct differential operators that preserve subclasses of univa-
lent functions in comparison with integral operators who on
many occasions constructed to do so. This paper discusses
constructing differential operators by means of convolution,
linear combination, and composition and raises some open
questions in the direction of constructing differential opera-
tors that map analytic functions into univalent ones. Also,
this paper raises questions regarding subclasses of univalent
functions that preserve the univalent property under convolu-
tions and linear combinations.

Keywords: Complex function, analytic function, univalent functions, differ-
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1 Introduction

Throughout this paper, we are considering complex functions (i.e complex-
valued function of complex variable) in the unit disc U = {z € C: |z| < 1}, and
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normalised by the conditions f(0) = 0 and f’(0) = 1. Even thought we may
consider any type of complex function (e.g analytic, harmonic, meromorphic,
etc.); we pick analytic functions of the form

f(z) = z+2akzk, (1)

to our consideration and refer to them by A. Moreover, a subclass of A that
has an additional property to be univalent is donated by S.

There have been a significant number of differential operators produced.
Many of them, without a doubt, are generic. However, just a few of them have
been put together. In the same way, certain early differential operators and
their power series extension for future construction are worth mentioning.

Ruscheweyh [15] defined the differential operator
R A— A (2)
where a € No(Np := NU{0}) and

R'f(z) = f(2)
R'Yf(2) ==

f
R f(z) = 2f'(2) + 52°f"(2)

(a+ DR f(2) = aRf(2) + 2(R*f(2))"

Now, if we write the analytic function f in terms of its series expansion
o
f(2) =2+ a2t
k=2

we get to

ROf(z) = Cla, k)apz", (3)

where C(a, k) = (k+a_1).

«

Salagean [16] defined the following differential operator
ST A=A (4)

where n € Ny and

S°f(2) = f(2)
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S"f(z) = 2(S"7 1 f(2))"

Writing the analytic function f in terms of its series expansion
[e.e]
f(z) =2+ Zakzk,
k=2

yields to
S"f(z)=z+ Z k"ayzF. (5)
k=2

Example 1.1. Consider the function ((z) = ~=. Obviously, the function ((z)

1-z"
is belong to A in U. The Salagean’s operator over £(z) is obtained as follows:

S%(2) = ((2)
SHU(z) = 2l'(2) =

(1—2p

S™(z) = Z kb,
k=1

By generalising Salagean operator, Al-Oboudi [6] introduced the following
operator.

DYy:A— A (6)
where n € Ny, A > 0 and

Df(z) = f(2)
D'f(z) = (L= A)f(2) + 2f'(x) = Da(z) = Dx

D3 f(z) = DAa(D"" f(2)).
Writing the analytic function f in terms of its series expansion
f(z)=z+ Zakzk,
k=2

yields to
Dif(z) =2+ Y [1+Ak—1)]" a2 (7)
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Example 1.2. Consider the function ((z) =

D°(z) = ((z)
DU(z) = (1= Ml(z) + 2'(z)

Dyl(z) = [1+ Ak —1)]" 2"
k=1

There have been a slew of other differential operators developed and gen-
eralised, to name a few [1-5] and [7].

The following three sections elaborate three different ways to construct dif-
ferential operators. Explicitly, these ways are convolution, linear combination,
and composition. Later in Section 5, we discuss the preservation of univalent
condition under convolution, linear combination, and composition. Section
6 discusses conditions that preserve univalence property of certain function.
Finally, Section 7 concludes the paper.

2 Convolutions of Differential Operators

Convolution can be used to express many operators. This is evident from
the definition of convolution, which allows for the splitting of coefficients.
Ruscheweyh’s operator, on the other hand, has a different interpretation.

o z
R f(z):f<z>*<1_z)a+17 a>_17
which implies that

2 ()™

n!

R"f(z) =

n=123....

Example 2.1. Consider the function ((z) = 1
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Notice that, expressing the operator D} defined in (7) in terms of convo-
lution can be made by

Dif(z) = p(2) x -~ - x p(2) +f(2)

J

TV
n—times

where

(2) z N Az Az

z) = — )

4 l—2z (1—-2)2 1-=2

Darus and Al-Shagsi proposed the differential operator in [9] as follows.

Ryt A— A

where A > 0, and n, a € Ny. and

Rg,,\ = f(2)
RL, = 2f'(2) + \2f"(2) = R*

Ry f(2) = R (Royf(2)

Writing the analytic function f in terms of its series expansion f(z) =
00 k .
2+ Y i, ap2”, yields to

Ry, f(2) =2+ ) [14 Bk —1)]"C(a, k) ar. (8)

In terms of convolution, R , may be rewritten as

. z
Ry y = &0(2’) * o * gp(zl*—(l e x f(2).
n—times

Remark 2.1. The following table provides the power series and convolution
forms for each of R", S™, DY and Ry, ,.

Yet in this paper, there are no two existence differential operator have been
convoluted. In [12] Lupas considered the differential operator SR! which is
the convolution of S™ and R*. More precisely,

SE.f(z) = 5"f(2) x R* f(2)
- (g + i k;”akzk> * (z + Z C(a, k) akzk>
k=2 k=2

=z+ Z E"C(a, k) a3z
k=2
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Power Series Form Convolution Form

R() = 2 + 3, Clas o (2 = =5 112

Snf(2) =2+ o, kmaz® S"f(2) = k(z) x -k w(z) #f(2)

DYf(2) = 24+ o [1+ Ak — L))" 2" Dyf(2) :gz)(z)”»? o p(2) +1(2)
n—times

RLAf(2) =243 0,1+ Bk = 1)]"C(a, k) axz® RL, = P(z) x -k o(2) * e * f(2)

Table 1: Differential Operators.

Andrei took into account the differential operator DRy, ,, which is the con-
volution of D} and R, in [8]. Specifically,

DR; \f(2) = Dy f(2) * R f(2)

— <z+i 1+ Mk —1)]" arz ) * <z+i0(a,k’) akzk>

2 k=2

o0

= Z " C(o, k) a3z

The differential operators Ry, y and DR, , appear to be very similar at first
glance, but they are actually considerably distinct in terms of their construc-
tion and even their coefficients. That is, in general, Ry, and DR} , are not
equal. The following example will demonstrate the distinction.

Example 2.2. The Koebe function k(z) = o under the convoluted differ-
ential operator DRy, , takes the following manner:

DRy k(2) = Dyk(z) * R%K(2)

- (z—i-i [T+ Ak —1D]" k"2 ’“) * <z+i0(0~/€) knzk>
4D I+

k=2

" Cla, k) k* 2",

Under the differential operator Ry, ,, on the other hand, k(z) behaves dif-



Construction of Differential Operators 35

ferently as follows.

Ry \k(2) = R (Rg&ln(z))

=2+ i 1+ Xk —D]"Cla, k) 2*

In some cases, however, the differential operators Ry and DR} can be
mapped onto the same function. Consider £(z) = ;%. It is clear that

RI\((z) = DR \( 24> [+ ME— D" Cla k) 2
k=2

The differential operators Ry, , and D} were used to generate another con-
voluted differential operator in [4]. Both of them have a convoluted form as
follows.

DI\ f(2) = Dy f(2) * B2\ f(2)

(z - i 1+ Ak-—1)]" akzk) * (z - f: 1+ Ak—=1)]"Cla, k) agz )

k=2

2+ > (L4 Ak = 1" Cla, k) af2.
k=2

Example 2.3. Again, we consider the extremal functions k(z) and (z) of
univalent and convex classes respectively.

Dy \k(2) = Dyr(z) * Ry yk(2)
_ (z +3 [ AR k;zk> x (z + 3 [1+ Ak - D))" Clas k) k”zk>
k=2 k=2

=2+ i (14 Mk — D] C(a, k) k*2F,
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[
M
Q
Q
=z

The following proposition provides the (n + 1)-derivative.

Proposition 2.1. For n,a € N and A > 0 we have

DESI(2) = —2AD2 () — 20+ 1)z (D () + 22 (D)

and

(Doaf() = (@4 DDA f) - aDf:).
Proof. We have

DI f(2) = 2+ Z 1+ Ak 207D O, k) K2R
=2+ Z 1+ Ak—DP [+ Mk —1)]""C(a, k)a2z*
:z+z 22k +1] =20 [1+ Ak — D))" C(a, k) aiz"

= ~9AD2,f(2) — 20+ D)z (DRAf(2)) + 2 (Daf(2))
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and

(a+ 1)DS f(2) — @D f(2)
=(a+Dz+(a+1)y [T+XE-D]"Cla+1,k)a;z"

k=2
00

—az — ozz 1+ Xk —1)]" O, k)ai2"

= k
+1) Z 14+ Ak nQ C(a, k)aiz
k=2

a+1

[e.e]

—« Z 1+ Ak —1)]"C(a, k)az"

=2+ i 1+ Mk —1)]"Ola, k)ka2z*

]

We turn now to the second way, in this paper, of constructing differential
operators.

3 Linear Combination of Differential Opera-
tors

Recently, many differential operators constructed by means of linear combina-
tion. We begin by mentioning the following constructed differential operators
by Lupas [13]:

SRy f(2) = (L =7)Rf(2) +7v5"f(2), z€l. (9)

The differential operator SR} has been studied intensively by Lupas. Also
Lupas [14], introduced another differential operator by means of linear combi-
nation

RD\f(z) = (L =7)R*f(2) +7D3f(2), z€U (10)

and studied several properties of functions involving it.

In [3], a differential operator was considered by means of linear combination
of both Rf y and DY as follows:

DY oqf(2) = (M=) Rof(2) + Dy f(2), z€U. (11)
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Writing the analytic function f in terms of its series expansion

f(z)=z+ Zakzk,
k=2

yields to
Dy f(2) = 24D W(n, kA, y)ars", (12)
k=2
where
U(n, kA7) = [1+ Ak — ] [y + (1 — ) Cla k)] (13)

The following proposition provides the (n + 1)-derivative.

Proposition 3.1. For n,a € N and \,~v > 0 we have

/

Dy f(2) = DXy = ADS o+ A2 (DR, f(2))

Proof. We have

Dyif(z) =2+ ) [+ Ak =D [y + (1 =) Clas k)] az*

=2+ i[l + Ak =D+ AE=D]" [y + (1 =) C(a, k)] a2

k=2

=D}, — D}, + Xz (D, f(2)".

Aoy

]

We turn now to the third way, in this paper, of constructing differential
operators.

4 Composition of Differential Operators

There are no much, as far as we know, of constructed differential operators by
means of composition. Let us consider again the R* and S™. Now by take the
composition of both of them we obtain

SELf(z) = 5" f(z) o R*f(2)

— (z + ik"akz’“> o (z + iO(a, k) akzk>

k=2

o o0 o k
:z+ZC(o¢,k) akzk—l—Zk‘" ag <z+ZC(a,k) akzk> :
k=2 k=2 k=2
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This kind of operator might help to take a first step to investigate the
subordination of differential operators rather of complex functions. The sub-
ordination of f and g is in fact defined by means of composing f with a Schwarz
function w, that is,

9(z) = (fow)(z) = flw(z)), [z <1,

where w is an analytic function with w(0) = 0 and |w(z)| < |z|. This shows
the crucial role of defining the composition operation between two differential
operators; in order to study the subordination relations between differential
operators.

It is worth mentioning that, composing differential operator with integral
operator was explored in [17]. However, this section is regarding composing
two differential operators.

5 Preservation Properties

In this section we are taking an account to study preservation. It is known
that two univalent functions are not necessarily univalent under convolution
nor under linear combination. But it is preserved under composition. Let
us consider some example. If we consider Koebe function twice, then the
convolution of both of them is

k(z) x Kk(z) = (z + Z kzk> * (z + Z kzk>

=z+ i k22,
k=2

However any function in S has to have coefficients bound less than or equal &
for all k& (the proof of this result is in [10]). Thus, it is obvious that x(z) * k(2)
is not univalent since it has a coefficient k? which is greater than k for all
k. Also, Examples 2.2 and 2.3 show dramatically how convolution does not
preserve the univalent property when the case taken under operator.

Linear combination also does not preserve univalent property. For example,

the functions
z z

l(z) = and h(z) =
(2) 1—2z (2) 1+iz
are both univalent in U; however, their linear combination is not. For example,

making the linear combination of ¢ and h with v = 1/2 yields to

9 = (N + 1=

_1 z+1lz
S \2/)1-2 2) 1414z
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However, ¢’ will vanish at z = (1 +14)/2. Therefore, ¢ is not univalent in U. If

we consider D} ,_£(z) and DY, h(z) for v = 1/2 then the linear combination
is

Dy ..9(z) = (z + Z U(n, kX )apz" + 2 + Z(—l)z’k\lf(n, k, A, v)akzk)

k=2 k=2
which is obviously not univalent in U.

Composition does preserve univalent property for two univalent functions.
Moreover, and from other point of view, it is worth to mention that the idea
of composing a subclass of starlike functions, as a subclass of the class of
univalent functions, to be starlike, was investigated in [11].

6 Results and Discussions

This section discusses conditions that preserve univalent property of the fol-
lowing complex function: f(z) = z + a2? . Firstly, we discuss the univalence
of f(z) = z+ azz® in U and then we discuss the univalence of S" f(z).

Let 21,29 € U and suppose f(z1) = f(z2). This means that

f(Zl) = f(Zz)

= 21 + @927 = 2y + ag23

=21 — 2+ ay(2? —22) =0

= (21 — 22)(1 + az(z1 + 22)) =0
that is, f(z) is univalent if |as| < 3.

Now, for f(z) = z + az2? we find S"f(z), that is Saligean differential
operator over f(z), as follows

S°f(2) = f(2)

=2z + a222

S'f(z) = 2f'(2)
= 2(2 + apz?)’

= 2+ 2ay2°

S?f(2) = z(z + 2ay2%)
= 2(1 + 4asz)’

= 2 + 4ay2?
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S"f(2) = 2+ (2)"axz>.

Following the same steps to cover when f(z) is univalent, we find that
S™f(z) is univalent if and only if |as| < _(2)}&1'

7 Open questions

The construction of differential operators leads to think about what kind of
differential operator can be constructed to map analytic functions to univalent
functions. In other words, it is worth to construct a differential operators, say
D™, such that

D" : A—=S.

This, for instant, will help to proof the isomorphism, monomorphism, and
homeomorphisms over the space of complex valued function. Sure, such con-
structed differential operator provides other technique for other branches of
mathematics and even for other sciences dealing with complex valued func-
tions.

On the other hand, what are the subclasses of S that their convolution is
in §7 More precisely, we hope to find a such class §; of S such that

fxgeS

where f and g are belong to S;.
Similarly, we hope to find a subclass, say Ss, of S such that

Yf+(1-7)geS

where f,g € S.

8 Conclusions

Following the flow of creating differential operators, this paper has provided
and emphasized three ways of constructing differential operators and some
open questions in the direction of constructing differential operators that map
analytic functions into univalent ones. Also, this paper has raised questions
regarding subclasses of univalent functions that preserve univalence condition
under convolutions, and linear combinations. In addition, several examples
have been given. As well as, providing the univalence condition of f(z) =
2 + asz? mapped by Sélagean differential operator, S™f(z).
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