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1 Introduction

Let S denote the class of functions of the form

F(z) = z +
∞∑
k=2

akz
k, (1)

which are analytic univalent in D = {z ∈ C : |z| < 1} normalized by f(0) =
f ′(0)−1 = 0. It is known that the calculus without the notion of limits is called
q−calculus which has influenced many scientific fields due to its important
applications.The generalization of derivative in q−calculus that is q−derivative
was defined and studied by Jackson [12]. He defined the q−derivative operator
∇q for F ∈ T , 0 < q < 1, by (see also[3, 4, 5, 6] [10],[16], [20, 21]);
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∇qF(z) =

{
F(z)−F(qz)

(1−q)z
,z 6=0

F ′ (0) ,z=0
,

that is

∇qF(z) = 1−
∞∑
k=2

[k]qakz
k−1, (2)

where

[j]q =
1− qj

1− q
, [0]q = 0. (3)

As q → 1−, [j]q = j and ∇qF(z) = F ′(z).
Using the q−derivative operator ∇q, Mostafa and Saleh [14] defined the

Hm
λ,µ,q operator for λ ≥ µ ≥ 0, 0 < q < 1, by

H0
λ,µ,qF(z) = F(z),

H1
λ,µ,qF(z) = Hλ,µ,qF(z) = (1− λ+ µ)F(z) + (λ− µ)z∇qF(z) + λµz2∇2

qF(z),

H2
λ,µ,qF(z) = Hλ,µ,q(Hλ,µ,qF(z)),

and

Hm
λ,µ,qF(z) = Hλ,µ,q(Hm−1

λ,µ,qF(z))

= z −
∞∑
k=2

χmq,k(λ, µ)akz
k,m ∈ N,

(4)

where
χmq,k(λ, µ) = [1− λ+ µ+ [k]q (λ− µ+ λµ[k − 1]q)]

m. (5)

Note that:
(i) limq→1−Hm

λ,µ,qF(z) = Hm
λ,µF(z) (see [1]);

(ii) Hm
1,0,qF(z) = Dmq F(z) (see [11], [22] and [8] );

(iii) Hm
λ,0,qF(z) = Dmλ,qF(z) (see Aouf et al. [9] );

(iv) limq→1−Hm
λ,0,qF(z) = Dmλ F(z) (see Al-Oboudi [2] );

(v) limq→1−Hm
1,0,qF(z) = DmF(z) (Sălăgean ([15])).

Definition 1.1. For 0 ≤ ζ ≤ 1, λ ≥ µ ≥ 0, 0 < q < 1, m ∈ N0, 0 ≤ β <
1, κ ≥ 0 and F ∈ S, such that Hm

λ,µ,qF(z) 6= 0 for z ∈ D/{0}, we say that F ∈
Gm
q (λ, µ, β, κ, ζ) if

Re

{
z∇qG(z)

G(z)
− β

}
≥ κ

∣∣∣∣z∇qG(z)

G(z)
− 1

∣∣∣∣ , (6)
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where,

G(z) = (1− ζ)Hq,λ,µF(z) + ζz∇qHm
λ,µ,qF(z)

= z −
∞∑
k=2

χmq,k(λ, µ) [1 + ζ([k]q − 1)] akz
k, (7)

Note that: For different values of q, λ, µ, β, κ, ζ, we have:

(i) limq→1−Gm
q (λ, µ, β, κ, ζ) = Gm(λ, µ, β, κ, ζ) =

{
F(z) : Re

{
zG′ (z)
G(z)

− β
}
≥ κ

∣∣∣ zG′ (z)G(z)
− 1
∣∣∣} ;

(ii) Gm
q (0, 0, β, κ, 0) = Gm

q (β, κ) =
{
F(z) : Re

{
z∇qF(z))

F(z)
− β

}
≥ κ

∣∣∣ z∇qF(z))

F(z)
− 1
∣∣∣} ;

(iii) Gm
q (0, 0, β, κ, 1) = C∗mq (β, κ) =

{
F(z) : Re

{
∇q(z∇qF(z))

∇qF(z)
− β

}
≥ κ

∣∣∣∇q(z∇qF(z))

∇qF(z)
− 1
∣∣∣} ;

(iv) limq→1−Gm
q (λ, 0, β, κ, 0) = Sm(λ, β, κ), (see Aouf and mostafa [7]);

(v) G0
q(1, 0, β, 0, 0) = S∗q (β) =

{
F(z) : Re

{
z∇qF(z))

F(z)

}
≥ β

}
, (Seoudy and

Aouf [17]);

(vi) Gm
q (0, 0, β, 0, 1) = Kq(β) =

{
F(z) : Re

{
∇q(z∇qF(z))

∇qF(z)
− β

}
≥ 0
}
, (Seoudy

and Aouf [17]).

In the rest of the paper, we find coefficient bounds, radius of convexity, clo-
sure theorems and other properties for functions in the class G∗mq (λ, µ, β, κ, ζ).

2 Main Results

Unless indicated, we assume that 0 ≤ ζ ≤ 1, λ ≥ µ ≥ 0, 0 < q < 1, m ∈
N0, 0 ≤ β < 1, κ ≥ 0, and z ∈ D.

Theorem 2.1. Let F ∈ S given by (1). Then F ∈ Gm
q (λ, µ, β, κ, ζ) if

∞∑
k=2

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ) |ak| ≤ 1− β. (8)

Proof. Let (8) holds. Then it suffices to show that

κ

∣∣∣∣z∇qG(z)

G(z)
− 1

∣∣∣∣−Re{z∇qG(z)

G(z)
− 1

}
≤ 1− β.
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We have

κ

∣∣∣∣z∇qG(z)

G(z)
− 1

∣∣∣∣−Re{z∇qG(z)

G(z)
− 1

}
≤ (1 + κ)

∣∣∣∣z∇qG(z)

G(z)
− 1

∣∣∣∣
≤

(1 + κ)
∑∞

k=2([k]q − 1) [1 + ζ([k]q − 1)]χmq,k(λ, µ) |ak| |z|k−1

1−
∑∞

k=2 [1 + ζ([k]q − 1)]χmq,k(λ, µ) |ak| |z|k−1

≤
(1 + κ)

∑∞
k=2([k]q − 1) [1 + ζ([k]q − 1)]χmq,k(λ, µ) |ak|

1−
∑∞

k=2[1 + ζ([k]q − 1)]χmq,k(λ, µ) |ak|
.

From ( 8) the last expression is bounded above by (1−β). Hence F(z) satisfies
the condition (6).

Corollary 2.1. Let F ∈ Gm
q (λ, µ, β, κ, ζ). Then

ak ≤
1− β

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)
(k ≥ 2). (9)

The result is sharp for

F(z) = z +
1− β

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)
zk (k ≥ 2). (10)

Let

Fj(z) = z +
∞∑
k=2

ak,jz
k, (ak,j ≥ 0, j = 1, 2, ..., n), (11)

Theorem 2.2. Let Fj(z) ∈ Gm
q (λ, µ, β, κ, ζ), j = 1, 2, ..., n. Then

g(z) =
n∑
j=1

djFj(z) (dj ≥ 0), (12)

is also in the class Gm
q (λ, µ, β, κ, ζ), where

n∑
j=1

dj=1. (13)

Proof. According to (12), we can write

g(z) = z +
∞∑
k=2

(
n∑
j=1

djak,j

)
zk. (14)
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Further, since Fj(z) ∈ Gm
q (λ, µ, β, κ, ζ), we get

∞∑
k=2

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)ak,j ≤ 1− β. (15)

Hence

∞∑
k=2

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

(
n∑
j=1

djak,j

)

=
n∑
j=1

dj

[
∞∑
k=2

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)ak,j

]

≤

(
n∑
j=1

dj

)
(1− β) = (1− β), (16)

which implies that g(z) ∈ Gm
q (λ, µ, β, κ, ζ). Thus we have the theorem.

Theorem 2.3. The class Gm
q (λ, µ, β, κ, ζ) is closed under convex linear comp-

ination.

Proof. Let Fj(z) ∈ Gm
q (λ, µ, β, κ, ζ), j = 1, 2 and

g(z) = ζF1(z) + (1− ζ)F2(z) (0 ≤ ζ ≤ 1). (17)

Then by, taking n = 2, d1 = ζ and d2 = 1 − ζ in Theorem 2, we have
g(z) ∈ Gm

q (λ, µ, β, κ, ζ).

Theorem 2.4. Let F1(z) = z and

Fk(z) = z +
(1− β)

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)
zk (k ≥ 2).

(18)
Then F(z) ∈ Gm

q (λ, µ, β, κ, ζ) if and only if it can be expressed in the form

F(z) =
∞∑
k=1

ηkFk(z), (19)

where ηk ≥ 0 (k ≥ 1) and
∞∑
k=1

ηk=1. (20)
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Proof. Suppose that

F(z) =
∞∑
k=1

ηkFk(z) = z+
∞∑
k=2

(1− β)

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)
ηkz

k.

Then it follows that

∞∑
k=2

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

(1− β)
.

(1− β)

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)
ηk

=
∞∑
k=2

ηk = 1− η1 ≤ 1. (21)

So by Theorem 1, F(z) ∈ Gm
q (λ, µ, β, κ, ζ).

Conversely, assume that F(z) ∈ Gm
q (λ, µ, β, κ, ζ). Then

ak ≤
(1− β)

[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)
(k ≥ 2). (22)

Setting

ηk =
[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

(1− β)
ak (k ≥ 2), (23)

and

η1 = 1−
∞∑
k=2

ηk,

we see that F(z) can be expressed in the form (19). This completes the proof.

Corollary 2.2. The extreme points of Gm
q (λ, µ, β, κ, ζ) are Fk(z) (k ≥ 2) given

by Theorem 4.

Theorem 2.5. Let F(z) ∈ Gm
q (λ, µ, β, κ, ζ). Then for 0 ≤ ρ < 1, k ≥ 2, F(z)

is

(i) close -to- convex of order ρ in |z| < r1, where

r1 = r1(m,λ, µ, β, κ, ζ, ρ) = inf
k

[
(1− ρ) [[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

[k]q(1− β)

] 1
k−1

.

(24)
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(ii) starlike of order ρ in |z| < r2, where

r2 = r2(m,λ, µ, β, κ, ζ, ρ) = inf
k

[
(1− ρ) [[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

([k]q − ρ)(1− β)

] 1
k−1

.

(25)
(iii) convex of order ρ in |z| < r3, where

r3 = r2(m,λ, µ, β, κ, ζ, ρ) = inf
k

[
(1− ρ) [[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

[k]q([k]q + 1− ρ)(1− β)

] 1
k−1

.

(26)
The results are sharp, for F(z) given by (10).
Proof. To prove (i) we must show that∣∣∣F ′(z)− 1

∣∣∣ ≤ 1− ρ, (|z| < r1).

From (2), we have ∣∣∣F ′(z)− 1
∣∣∣ ≤ ∞∑

k=2

[k]qak |z|k−1 ,

thus ∣∣∣F ′(z)− 1
∣∣∣ ≤ 1− ρ,

if
∞∑
k=2

[k]q
1− ρ

ak |z|k−1 ≤ 1. (27)

But, by Theorem 1, (27) will be true if

[k]q
1− ρ

|z|k−1 ≤
[[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

1− β
,

that is, if

|z| ≤
[

(1− ρ) [[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ)

[k]q(1− β)

] 1
k−1

(k ≥ 2),

which gives (24).
To prove (ii) and (iii) it is suffices to show∣∣∣∣zF ′(z)

F(z)
− 1

∣∣∣∣ ≤ 1− ρ, (|z| < r2), (28)

∣∣∣∣zF ′′(z)

F ′(z)

∣∣∣∣ ≤ 1− ρ, (|z| < r3), (29)
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respectively, by using arguments as in proving (i), we have the results.
For F(z) ∈ S, given by 1, the sequence of partial sums is given by

Fn(z) = z +
n∑
k=2

akz
k (n ∈ N\{1}). (30)

Now we will follow the work of [19] and also the works cited in [13, 18] on
partial sums of analytic functions, to obtain the results. Let

Φm
q,k(λ, µ, β, κ) = [[k]q(1 + κ)− (κ+ β)] [1 + ζ([k]q − 1)]χmq,k(λ, µ). (31)

Theorem 2.6. If F(z) ∈ S, satisfies the condition (8), then

Re

(
F(z)

Fn(z)

)
≥

Φm
q,n+1 − 1 + β

Φm
q,n+1

, (32)

where

Φm
q,k ≥

{
1− β, if k = 2, 3, ..., n
Φm
q,n+1, if k = n+ 1, n+ 2, ...

. (33)

The result (32) is sharp for

F(z) = z +
1− β
Φm
q,n+1

zn+1. (34)

Proof. Let

1 + ω(z)

1− ω(z)
=

Φm
q,n+1

1− β

[
F(z)

Fn(z)
−

Φm
q,n+1 − 1 + β

Φm
q,n+1

]

=
1 +

∑n
k=2 akz

k−1 +
(

Φm
q,n+1

1−β

)∑∞
k=n+1 akz

k−1

1 +
∑n

k=2 akz
k−1

. (35)

It suffices to show that |ω(z)| ≤ 1. Now from (35) we have

ω(z) =

(
Φm

q,n+1

1−β

)∑∞
k=n+1 akz

k−1

2 + 2
∑n

k=2 akz
k−1 +

(
Φm

q,n+1

1−β

)∑∞
k=n+1 akz

k−1
.

Hence we obtain

|ω(z)| ≤

(
Φm

q,n+1

1−β

)∑∞
k=n+1 ak

2− 2
∑n

k=2 ak −
(

Φm
q,n+1

1−β

)∑∞
k=n+1 ak

.
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Now |ω(z)| ≤ 1 if and only if

2

(
Φm
q,n+1

1− β

) ∞∑
k=n+1

ak ≤ 2− 2
n∑
k=2

ak,

or, equivalently
n∑
k=2

ak +
∞∑

k=n+1

(
Φm
q,n+1

1− β

)
ak ≤ 1.

From (8), it is sufficient to show that

n∑
k=2

ak +
∞∑

k=n+1

(
Φm
q,n+1

1− β

)
ak ≤

∞∑
k=2

(
Φm
q,k

1− β

)
ak,

which is equivalent to

n∑
k=2

(
Φm
q,k − 1 + β

1− β

)
ak +

∞∑
k=n+1

(
Φm
q,k − Φm

q,n+1

1− β

)
ak ≥ 0. (36)

For z = reiπ/n we have

F(z)

Fn(z)
= 1 +

1− β
Φm
q,n+1

zk → 1− 1− β
Φm
q,n+1

zk =
Φm
q,n+1 − 1 + β

Φm
q,n+1

where r → 1−,

which shows that F(z) given by (34) gives the sharpness.

Theorem 2.7. If F(z) ∈ S, satisfies the condition (8), then

Re

(
Fn(z)

F(z)

)
≥

Φm
q,n+1

Φm
q,n+1 + 1− β

, (37)

where Φm
q,n+1 is defined by (31) and satisfies (33) and F(z) given by (34) gives

the sharpness.

Proof. The proof follows by defining

1 + ω(z)

1− ω(z)
=

Φm
q,n+1 + 1− β

1− β

[
Fn(z)

F(z)
−

Φm
q,n+1

Φm
q,n+1 + 1− β

]
. (38)

The reminder part is as in Theorem 6. So, we omit it.

Theorem 2.8. If F(z) ∈ S, satisfies the condition (8), then

Re

(
F ′(z)

F ′n(z)

)
≥

Φm
q,n+1 − (n+ 1)(1− β)

Φm
q,n+1

, (39)
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and

Re

(
F ′n(z)

F ′(z)

)
≥

Φm
q,n+1

Φm
q,n+1 + (n+ 1)(1− β)

, (40)

where Φm
q,n+1 ≥ (n+ 1)(1− β) and

Φm
q,k ≥

{
[k]q(1− β), if k = 2, 3, ..., n

[k]q(
Φm

q,n+1

n+1
), if k = n+ 1, n+ 2, ...

, (41)

F(z) given by (34) gives the sharpness.

Proof. We write

1 + ω(z)

1− ω(z)
=

Φm
q,n+1

(n+ 1)(1− β)

[
F ′(z)

F ′n(z)
−
(

Φm
q,n+1 − (n+ 1)(1− β)

Φm
q,n+1

)]
,

where

ω(z) =

(
Φm

q,n+1

(n+1)(1−β)

)∑∞
k=n+1[k]qakz

k−1

2 + 2
∑n

k=2[k]qakzk−1 +
(

Φm
q,n+1

(n+1)(1−β)

)∑∞
k=n+1[k]qakzk−1

.

Now |ω(z)| ≤ 1 if and only if

n∑
k=2

[k]qak +

(
Φm
q,n+1

(n+ 1)(1− β)

) ∞∑
k=n+1

[k]qak ≤ 1,

From (8), it is sufficient to show that

n∑
k=2

[k]qak +

(
Φm
q,n+1

(n+ 1)(1− β)

) ∞∑
k=n+1

[k]qak ≤
∞∑
k=2

(
Φm
q,k

1− β

)
ak,

which is equivalent to

n∑
k=2

(
Φm
q,k − [k]q(1− β)

1− β

)
ak +

∞∑
k=n+1

(
(n+ 1)Φm

q,k − [k]qΦ
m
q,n+1

(n+ 1)(1− β)

)
ak ≥ 0.

To prove the result (40), define the function ω(z) by

1 + ω(z)

1− ω(z)
=

(n+ 1)(1− β) + Φm
q,n+1

(n+ 1)(1− β)

[
F ′n(z)

F ′(z)
−

Φm
q,n+1

(n+ 1)(1− β) + Φm
q,n+1

]
,

and by similar arguments in first part we get desired result.

Remark 2.1. Putting κ = 0 and letting q → 1− in Theorems 7, 8 and 9,
respectively, we obtain partial sum results for the class Gm(λ, µ, β, ζ).

Remark 2.2. For different values of κ, ζ, λ, µ, q and β in our results, we have
results for the special classes defined in the introduction.
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3 Conclusions

Using the operator Hm
λ,µ,q (λ ≥ µ ≥ 0, 0 < q < 1) defined by the authors in

[14], we defined the class Gm(λ, µ, β, ζ) of uniformly analytic functions and find
coefficient bounds, radius of convexity, closure theorems and other properties
for functions in this class.

4 Open Problem

The authors suggest studying other properties such that neighborhood and
Hadamard for the class Gm

q (λ, µ, β, ζ) when f(z) has the form

F(z) = z −
∞∑
k=2

akz
k.

Acknowledgment. The authors thanks the referees of the paper for their
valuable comments.
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