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Abstract

A subclasses of spiralike functions defined by a convoluted op-
erator are introduced. Convolution properties, necessary and suf-
ficient condition, and coefficient bounds of these subclasses are
obtained.
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1 Introduction

Let A denote the class of functions of the form
fe)=z2+) a2 (1)
k=2

which are analytic in the open disc U = {z € C : |z]| < 1}, and normalised by
the conditions f(0) = 0 and f/(0) = 1.

A subordination between two analytic functions f and ¢ is written as f < g.
Conceptually, the analytic function f is subordinate to g if the image under g
contains the image under f. Technically, the analytic function f is subordinate
to g if there exists a Schwarz function w with w(0) = 0 and |w(z)| < 1 for all
z € U; such that

Besides, if the function ¢ is univalent in U, then the following equivalence
holds:

f(z) < g(z) if and only if f(0) = g(0)
and

f(U) € g(U).

A convolution between two analytic functions f and ¢ is written as f * g.
Conceptually, convolution function of f and g expresses how the shape of one
is modified by the other. Technically, convolution function of

f(z)=z+ Z apz® and g(z) =2+ Z b2*
k=2 k=2
is defined by
k=2
If we consider convolution as operation, then the right half-plane mapping

0(z) = z/(1 — z), acts as the identity of convolution (cf [14], p290); that is, if
f is an analytic function, then

Also, Koebe function k(z) = z/ (1 — z)* and other certain functions act as
differential operators. We can see that clearly from the following examples:
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T =2 @)
TP =E -1 3)
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TS ARAE 1 AR A (5)

A function in the class A is said to be p-spiralike, S,(x), if and only if

%{e”‘%&?} >0, zeU,

where (1 is real number with |u| < 7/2. This class was introduced and shown to
be univalent by Spacek [22]. Sharp coefficient bounds of S, (1) was obtained
by Zamorski [23]. Note here, S,(0) = S*, which is the well-known class of
starlike functions, and S,(7/2) is nothing but the identity function f(z) = =
which is out of our consideration.

Libera [17], introduced the class of u-spiralike functions of order A, 0 < A <
1, denoted by S, (i, A) to be the set of functions of the form (1) that satisfy

%{ei“%g)} > Acosp, ze€U.

Libera discussed a geometric interpretation of S,(u, A) and used character-
isation that f in the class p-spiralike of order A(cos p) ™" if and only if

w2l (2) 1—(1-2))z
o

to obtain sharp coefficient bounds for the class.

e

} (cos p) +isin p, zeU. (6)

Furthermore in [17], coefficient bounds and radius of p-spiralikeness were
obtained.

Dashreth and Shukla [16], introduced a class of u-spiralike functions de-
noted by S*[A, B] which is the set of functions in A that satisfies

w2l (2) 1+ Az
e ) < (cos ) (m

) + i sin p, z e U, (7)
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where p, A, and B are real with [u| < § and —1 < B < A < 1. Note here,
when A=2\—1,0< A <1, and B = —1, (7) reduced to (6).

An Alexander-type equivalence of S#[A, B] is the set of all functions in A
that satisfies

e“‘% < (cos ) (iigi) + i sin p, zeU.

This class is donated by K*[A, B]. For more on classes of spiralike functions,
see [20].

2 Convoluted Differential Operators

A large number of differential operators have been created. Undoubtedly, many
of them are generalised ones. However, still few of them have been combined.
In like manner, it is worth to mention some early created differential operators
and their power series expansion for forthcoming constructions.

In [19] Ruscheweyh defined the differential operator
R*:A— A (8)

where a € No(Ny = {0,1,2,...}) and

(0 + DR f(2) = aR*f(2) + 2(R*f(2))"

If f is an analytic function of the form (1), then

oo

RYf(z) = Z C(a, k)apz", (9)
where C(a, k) = (*7271).

In [21] Salagean defined the following differential operator
ST A=A (10)

where n € Ny and

S°f(2) = f(2)
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S"f(z) = 2(S" 1 f(2))

If f is an analytic function of the form (1), then
z) = Z—I—Zk”akzk. (11)
k=2

Later Al-Oboudi [8] introduced a generalisation of Saldgean operator which
defined as follows:

DY: A— A (12)
where n € Ny, A > 0 and

D°f(z) = f(2)
D'f(z)=(1

D} f(z) = DA(D"7' f(2)).

If f is an analytic function of the form (1), then
Dyf(z) =2+ > [L+ Ak —1)]" ap2". (13)
k=2

Many other differential operators have been established and generalised,
few to mention [1-9]. In fact, some operators can be written in term of con-
volution. This comes clear from the definition of convolution which allows
coefficients to be splitted. Ruscheweyh’s operator can can be observed as fol-
lowing;: B

Raf(z)Zf(Z)*m7 a>—1,

which implies that

2 (" ()"

n!

R"f(z) =

n=1273,....

The operator DY defined in (13) can be written as

Dyf(2) = p(2) - % pl2) % (2)

vV
n—times
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where

. Az Az
1—2z (1-2)2 1-—2
In [15] Darus and Al-Shagsi introduced the differential operator

Ry A—A

p(z) =

where n, a € Ny, A > 0, and

Ra)\_f(z)
Roy=2f'(2) + A2 f"(2) = B!

Roaf(2) = R (Ro ' f(2)

If f is an analytic function of the form (1), then
Ry\f(z) =2+ ) [14 Bk = 1)]"Cla. k) a2, (14)
k=2

Again, R , can be rewritten in term of convolution as

ax = P(2) %% @(Q*m * f(2).

vV
n—times

In [18] Lupas considered the differential operator SR which is the convo-
lution of S™ and R®. More precisely,

SRof(z) = 5" f(2) x R*f(2)

— (Z + f: k”akzk> * (z + f: C(a, k) akzk>

k=2
—Z—i—Zk” o, k) aiz

In [11] Andrei considered the differential operator DR, | which is the con-
volution of D} and R®. More precisely,

DRy, f(2) = DX f(2) x B*f(2)

(Z—i—i 1+ Ak —1)]"arz ) * <z+i0(o¢,k) akzk>

" C(a, k) aiz*.
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At the first glance, the differential operators Ry, , and DRy, , appeared quite
similar but, indeed, Ry, , and DRy, , are different in term of their construction
and even in their coefficients. That is, R, , and DRy \ are not equivalent in
general. Next example will illustrate the difference.

Example 2.1. The Koebe function k(z) = z/ (1 — z)* under the convoluted
differential operator DRy, \ takes the following manner:

DRy \k(2) = Dyk(z) * R%K(2)

- (Z + i [1+ Ak —1)]" k”zk> * (z + i Cla k) k”Z’“)

k=2 k=2

=2+ i [T+ ME—D]" O, k) k> 2",

On the other hand, k(z) under the differential operator Ry, \ takes different
manner as follows:

Roi(2) = i(z)

R zk(2) = 26/ (2) + A"k (2) = R”

RZM\/i(z) =R (RZ;}E(Z))

o0

2+ LAk —1)]"Cla k) 2

k=2

Nevertheless, the differential operators Ry , and DRy , can be mapped
onto same function in some occasions. Consider Uz) =z / (1 — z). It is clear
that

Ry \U(z) = DRR\U(z) = 2+ Y [L+ Ak —1)]" C(a, k) 2*
k=2
In [7] another convoluted differential operator was constructed by consid-

ering the differential operators Ry, , and DY. The convoluted operator of both
of them is

DI\ f(z) = DY f(z) * B2, f(2)

= (z—i—i[l + Mk — 1)]"%2’“) * <z+i[1+)\(k— D" C(a, k) agz )

k=2

=24+ > [L+ k=D Cla, k) apz".
k=2

To this end, the way is paved for the main results.
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3 Main Results

In this paper, we use the convoluted differential operator D& ) to introduce
new subclasses of spiralike functions. These new subclasses are given in the
next definition.

Definition 3.1. We denote by S;\[A, B] and K \[A, B] the subclasses of A
which are defined by

. Dn /
3;‘:5[‘,473] — {f GA:eZ“M < (cos ) <1+Az) +isinu},

DgAf(z) 1+ Bz
and
(2D7, f'(2)) 1+ Az -
T — . @,
KA, B] {f cA:e Dzv)\f’(z) < (cos p) (1 n Bz) +isinp g,

where A > 0, and n, o € Nj.

In the following two subsections, convolution properties and coefficient
bounds of the subclasses S;\[A, B] and K[ A[A, B] are obtained.

3.1 Convolution Properties

We begin with two lemmas due to Bhoosnurnath and Devadas (see [13] and
[12]).

Lemma 3.1. A function f in the class A is in the class S*[A, B] if and only

if
L s - M| £0
PR : (1—2)2 ’
where ,
e + (Acos p +iBsin p)¢
= . (15)
(A— B)(cos
Lemma 3.2. A function f in the class A is in the class K*[A, B] if and only
of
L F) e (1= M2 E ] £ 0
PR © (1—2)3 ’
where it e B 9B
N2 +[(A+ B)cosp+1 smu)]g (16)

(A— B)(cosp

The following theorem provides necessary and sufficient condition for the
subclass S;\[A, B].
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Theorem 3.1. A necessary and sufficient condition of a function f in the
class A to be in the subclass S;\[A, B] is that

1+ i[u —M)(k—=1)+ 1 [14+ Xk — D" C(a, k)zF1 £ 0,

where M is given by (15).

Proof. In view of Lemma 3.1, we may write f € S7\[A, B] as
1 D f(2) # z Mz?
p— Z J—
2|t (1—2)2 (1-2)2

using (2) and (3) we obtain that

o (- )|

= L [aDua @)Y — M {0201 - Diad(2))]

1+ i[u — M) (k= 1)+ 1] [1+ Ak — 1))*" C(av, k) H 2.

This completes the proof. n

The following theorem provides necessary and sufficient condition for the
subclass KC5[A, B].

Theorem 3.2. A necessary and sufficient condition of a function f in the
class A to be in the subclass K5[A, B] is that

1+ i (- N)2(k2 ) 14+ Mk — 1] C(a, k)25t #£0,

where N is given by (16).

Proof. In view of Lemma 3.2, we may write f € K \[A, B] as

% [DZ,AJC(Z) * ((1 _ZZ)S B (1]\{2,:)3)}

using (4) and (5) we obtain that
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= % [g(zﬁz,xf (2))" =N {g(Dg,Af(z))” — (D", f(z))’H
=1+ Z (1= N)(k* + k) [14+ Mk —1)]*" C(a, k)22
k=2
This completes the proof. =

3.2 Coefficient Bounds

In this subsection, coefficient bounds of the subclasses S\ [A, B] and K\ [A, B]
are obtained.

Theorem 3.3. If f in the class A and belongs to the subclass S\ [A, BJ, then

SO = M)k —1) + 1 [L+ Ak — D" Cla, k)| < 1, (17)

)
k=2

where M is given (15).

Proof. Since f € S7\[A, B], we have

> 0.

1+ i[(l — M)(k—=1)4+1][1+ Mk — 1)) C(a, k)2F1

And since,

1+ i[(l — M)(k—1) + 1] [L+ A(k — D)]* C(a, k)z*

> 1—2.0:\[(1—M)(k—1)+1] [1+ Ak —1)]*" C(ev, k)| > 0,

then
ST = M)k — 1)+ 1 [1+ Ak — 1" Cla, k)| < 1.

Therefore, f(z) € S;3[A, BJ. O



Subclasses of Spiralike Functions 29

The coefficient bounds of the subclass KJ\[A, B] is provided in the next
theorem.

Theorem 3.4. If f in the class A and belongs to the subclass ICZ’;\ [A, B, then

1+ Ak — 1) C(av k)

D

2

< 2, (18)

o]
k=

(1— N)(K? + k)
2

where N is given by (16).

Proof. Since f € K X[A, B], we have

> 0.

1+ i (- N)2(k2 ) 14+ Ak — 1] C(a, k)25

And since,
1+ g; (1= N)z(k"z R 0 Ak — 17 O(a, k)
then .
> 0= N>2(k k) 1+ Ak — D] Cla, k)| < 2
k=2
Therefore, f(z) € K 4[A, B]. 0

4 Future Work

Verify whether the subclasses S;\[A, B] and KJ\[A, B] satisfy the inclusion
property; that is, is it true that

S "A, Bl € S;A[A, B]

and

KiiMA, B] € KIA[A, BY.

Also, for both subclasses, S;\[A, B] and K[ A[A, B], it is interesting to obtain
the upper bound on the functional |az — va3| for complex v.
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