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Abstract

In this current paper, we establish a new class of analytic func-
tion BO(k, u,n, 0,v) defined by comprehensive differential operator
of holomorphic functions involving binomsial series. We investi-
gate the adequate condition for a function p(z) to be in this class.
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1 Introduction

Let 2 denote the class of functions of the form

gp(z):z+2a7z7:z+a222+--~ (1)

T=2

which are analytic in the open unit disk
U={zeC:|z| <1},
and W(4) be the space of holomorphic functions in . Let

Ao ={o e W) : ¢(z) = 2+ egs12 + eg22" + - } (2)
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with 2 =2, z € 4 and
Wle,q] := {gp EWWU) () =e+e2t +eg29 4 - } (3)

foreeC,zeand g e N.
Let § C 2 denote the class of univalent functions in { and by S*(¢) C S
denote the class of starlike functions of order o, 0 < p < 1 which satisfy the

condition
()

Also, a function ¢(z) belonging to K(p) C S is said to be convex of order p,
0 < o< 1in 4, if and only if

(14 28) o

and denote by PR(g) C S the class of bounded turning functions which satisfy
the condition

R(¢'(2)) > o
where z € 4.

If ¢ and g are analytic function in 4, we say that ¢ is subordinate to g, writ-
ten ¢ < g, if there is a function w analytic in 4, with w(0) =0, |w(z)| < 1,
for all z € U such that p(z) = g(w(z)) for all z € 4. If g is univalent, then
¢ < g if and only if ¢(0) = g(0) and p(h) C g(Ll).

Frasin [8] (also see [2],[10]) introduced the differential operator D} ¢(z) de-
fined as follows:

1 — 1)")2¢(2) = Dy u0(2)

where € N, then we have
o] K n
at S S T
Dlp(z) =2+ Y (1 D (S)<—1> 1y ) w (6)
=2 s=1

Using (6), we have
Ciw)z(D],¢(2)) = Ditlo(z) — (1 — Ci(w) D] ()
where > 0, 5 € N, 5 € N and O () = Y5, (5) (~1) e

Remark 1.1 We observe that
1. When k =1, we obtain the Al-Oboudi differential operator [1].
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2. When k = =1, we obtain the Salagean operator [9].

Lemma 1.2 [7] Let p be holomorphic in & with p(0) = 1, if
zp’(z)) 30—1

x (1 + > ;

p(2) 20

then R(p(z)) > 0 in 4, z €t and 3 < o < 1.

2 Main Results

Definition 2.1 A function ¢ € A, p > 0, kK € N, n € Ny, C¥(p) =
S (“)(—1)3“,us, v>0and0< o<1 isin the class BO(k, u,n, 0,v) if

s=1 \s
Ditlo(z) z !
aalad —1 1—o.
‘ : (Dzma) '< ¢ ")

where z € 3.

Remark 2.2 The family BO(k, u,n, 0,v) have various new classes of an-
alytic univalent functions as well as some very well-known ones. In place of
Yequivalence” we are going to take ”contained in” as it was discussed in [3].
For example,

o Givenn =0,k =pu=1and v =1, we have the class BO(1,1,0,0,1)
contained in S*(o).

e Givenn =1,k =pu=1and v =1, we have the class BO(1,1,1,0,1)
contained in R(0).

e Givenn =0,k =pu =1 and v =0, we have the class BO(1,1,0, ,0)
contained in R(p).

e Given k=1 and v =1, then
BO(L, p,m, 0,0) = BO (1,7, 0,v)
investigated and studied by Catas and Lupas [5].
e Givenk=pu=1and v =1, then
BO(1,1,n,0,v) =BO(n, o,v)

investigated and studied by Catas and Lupas [4).
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o Gwenn=0,k=pu=1andv =2, then
BO(1,1,0,0,2) = B(p)
investigated by Frasin and Darus [0].
e Giwenn =0 and Kk =pu=1 then
BO(1,1,0,0,v) = B(p,v)
investigated by Frasin and Jahangiri [7].

Theorem 2.3 If for the function ¢ € A, n >0, k € N, n € Ny, C¥(p) :=
Yo (D) v > 0and 1/2 < 0 < 1, if

Djt2p(2) vDIro(2) Ly 1
Cr(p) Dyl o(z)  Cr(u)Dhup(z) — Cln)

where Y =

+1<9vz+1, zeu  (8)

32, then ¢(2) € BO(k, 11,1, 0,v).

Proof. If we denote by

p(z) = DW;O( ) (DZ:@(Z))U

where p(z) =1+ p1z + pez + -+, p(z) € WIL, 1], by simplification

In(p(2)) = In(D} o(2)) — In(2) +vin(z) — vIn(D} ,0(2))

and by simple differentiation we get

plz) _ Diie(z)  oDIle(z)  1-Cf(p) v =Ciw) 1 v
p(z)  2CEu)DR p(z) 205 Diue(z) 205 (p) 2Ce(p) 2
Multiply through by 2z and simplifying we have,
2f(z)  DIPe(z) vDlle(z) w-1

= +
p(z)  Cr(u)DLle(z)  Cr(wDiup(z)  Cx(u)
In the interpretation of the Theorem 2.3, it implies that

(120

p(2) 20

Hence, by Lemma 1.2, we get

" (DZLL@O(z) (DZ,;@(Z))U) -
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therefore,p(z) € BO(k, i, 1, 0,v) by Definition 2.1.
We have the subsequent corollaries as a result of the above theorem.

Takingn:(),g:%,n:,uzlandvzl,wehave

Corollary 2.4 Suppose p(z) € 2 and

)\, 3
(G5 E) s een

Then ¢(z) is starlike of order 5.
Takingn =1, 0=3, s =p=1and v =1, we have
Corollary 2.5 Suppose p(z) € A and

2eg(z) + ") _ (D)) 1
WG )7 ren

2
(28

That is, ¢(z) is convez of order 3.

Then

Taking n =1, Q:%, k=p=1and v =0, we have
Corollary 2.6 Suppose p(z) € 2 and

P <2zgp”(z) + zggo’”(z)> o 1

2000 1 2 (2) ; “%

Then

R (2¢(2) + /() > 5.

Taking n = 0, Q:%, k= pu=1and v=0, we have
Corollary 2.7 Suppose p(z) € A and

w(1+28)5 0 seu

Then
1

R(#(2) > 5

Also, if the function ¢(z) is conver of order 3 then (z) € BO(1,1,0,3,0)
which is contained in R(1/2).
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3 Open Problem

The open problem is to determine a generic class of univalent functions such
has BO(k, 1,1, 0,v), p > 0, Kk € N, n € Ny, C(p) == > o, () (=1)"p,

S

v >0and 1/2 < p < 1 is contained inside and possible to obtain. Compare
the new results with the results given by [7].
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