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Abstract

In this paper, we define a new subclass of meromorphic p-valent functions
on the punctured unit disk U* = {z € C,0 < |z|] < 1} = U/{0} with two fized
points by making use of Jackson (i, j)-deravative. Coefficient estimate, dis-
tortion bounds, as well as radius of meromorphically p-valent starlikeness are
obtained. We also establish some results concerning the convolution products
and inclusion results.
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1 Introduction

Let ), denote the class of functions of the form

o0

z) = % +) a,2" ", (a, > 0;p € N={1,2,3,..}), (1)

which are meromorphic and p-valent in the puncture unit disk
U'={2€C,0< |z| <1} =U/{0}.
Let
:—+Zb 2P (b, > 0;peN=1{1,23,.1}),

then the Hadmard product (or convolution) of f(z) and g(z) is defined as
f(2)xg(2) = (fxg)(2) = ”JrZanb 2P (@, by > 0;p € N={1,2,3,..}).

Quantum calculus (g-calculus) has created many interests among the re-
searchers, it has several applications in various branches of mathematics and
physics. The application of g-calculus was initiated by Jackson [5, 6] at
the beginning 0f 19"* century. Later, Chakrabarti and Jagannathan defined
Jackson (i, j)-derivative as a generalization of g-derivative (see [4]).

Now, we introduce some definitions and conceptes of (i, j)—calculus that
were used in this paper by assuming as ¢ and j are fixed number such that
0<i<jy<1.

The (i, j)—derivative for the function f(z) of the form (1) is defined as

fsee 1) 1) - £G2)
iy - 102 = G2)
(awf)< ) (Z —])Z

It is clear that the (7, j)—derivative for a function f(z) in ), of the form

(1)

,zeU. (2)

(Oi5)S(2) = S 2t S5 — gl 3)

P P ~p+1
where [n — pl; ; denotes twin-basic number defined in [17] by
P — P

[n—P]m‘:—i_j )
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and

! BT o i P

Z.E)Tll[” —pliy=[n—pl; = Tj’] # 1.
Definition 1 For 0 < 9 < 1, a function f(z) of the form (1) is said to be
in the class M, ;S* (V) of starlike function of order ¥ in U* if it satisfies the

condition

Definition 2 For 0 < 9 < 1, a function f(z) of the form (1) is said to be
in the class M, jC*(¥) of convex function of order ¥ in U* if it satisfies the

condition . {_ (1 . W)} > 9. (5)

For p-valent meromorphic function f(z) € Y, the normalization
PL) leg= 0 and 2P f(2) o= 1 (6)

is classical. One can obtain interesting results by applying Montel’s normal-
ization [14] of the form

ZPf(2) mo=0 and  2Pf(2) [.mp= 1. (7)

Where p is a fixed point of the unit disc U*. We see that if p = 0 the
normalization (7) is the classical normalization (6).

Many important properties of certain subclasses of meromorphic p-valent
functions were studied by several authors as Uralegaddi and Ganigi [19],
Uralegaddi and Somanatha [20], Mogra et al. [13], Aouf [1], Aouf and Hossen
2], Joshi and Aouf [7], Owa and Pascu [15], Joshi and Srivastava [8],Aouf et
al. [3],Raina and Srivastava [16], Yang [23], Kulkarni et al. [9], Liu [10] and
Liu and Srivastava [11] and [12].

We define the following new subclass M, ;(p, v, ) of meromorphically
p-valent functions in ), by using the (7, j)—derivative with Montel’s nor-
malization, to study some special properties of f(z) € M, ;(p,a, ) like co-
efficient estimate, distortion bounds and radius of meromorphically p-valent
starlikeness. We also establish some results concerning the convolution prod-
ucts.
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Definition 3 For o > ﬁ and 0 < 3 < 1, let M, ;(p, v, B) the multivalently

meromorphic function f(z) € Y p with two fized points ( classical normal-

ization ) if it satisfies the following

P#5P2(0;f(2)) <P { —iPjP2(0,,; f(2))
[Pli; f(2) a [Pliif(2)

Example 4 Ifi,j — 17, and f(z2) of the form (1), then we obtain the new
class M(p, «, B) defined by

2f (2)
pf(2)

which defined in [22].

+a+af

+a—aﬁ}. ®)

—2f'(2)
pf(2)

—f—oz—l—ozﬁ‘g?)?{ +a—aﬁ}

Further, we can state the subclass M, ;(p, a, 3, p) satisfying the condition
(8) with Montel’s normalization (7).
In this section we obtain certain characterization properties for f(z) €

Mi,j(pa «, 5)

2 Properties of the class M, ;(p, o, ()

Theorem 5 Let f(z) € > p, then f(z) is in the class M, j(p, o, B) if and
only if
Zldn |an| < (1 —aB)[pli;ap (9)

where d, = (*j7[n — pli; + af[pli;) and o > 0<f8<1l;peN.

1.
pENCE

Proof. Suppose that f(z) € M, ;(p, o, (), then by the inequality

PPiP2(0; 5 f(2)) —iPjP2(0;;f(2)) o—a
Wiz eter S%{ N ﬁ}
that is,
P20 f2) | rjr0f(2) L
%{ i ot 5} A

, { —iPjP(0;,f(2))

Phafz) aﬁ} '
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PPiP2(0;,f(2)) N
%{ P/ (2) *‘5}§0

Substituting for 0, ; f(2) from (3) and f(z), we get

_[p]iﬁjap DD = — .. n—p
R n=l +aB | <O.
[pliizh + Z[ Jijanz"

Since R(z) < |z|, we have

| —[plijap + 57 [n —plijanz" + [plijeBa, + [plijaBd anz" |<0
n=1

n=1
and by letting |z| — 17, we get

0

> (@57 = plij + aBplig) lan] < (1= aB)plijap.

n=1
Conversely, assume that (9) holds true and from (8), we have

PP jP2(0;,5f(2)) o
%{ W) *‘B}SO

and
D
R n=l +aB | <O.
Pl + Z[ Ji,janz""P

Since R(z) < |z|, we have

(5710 — pluy + aBlpliy) o]
> - of)gay

n=1

which completes the proof .
For the sake of brevity throughout this paper, we let d,, = (¥*j7[n — p|; ; +

afpli;) and o > 2+ﬁ, 0 < B < 1; p € N, unless otherwise state. =

34
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Theorem 6 (Coefficient Estimate) Let f(z) € M, (p,«,3), then

> < U=l (10

Remark 7 If we put i,j — 1~ in Theorem 5, we have the result of [21] when
s =0.

Theorem 8 Let f(z) € M, (p,c, 3, p), then

— aB)pli;
Z lan] < dy, + (1- Ozﬁ)[p]wp”' (1

Proof. Let f(z) € M, ;(p, . f,p). Since f(z) € M, ;(p,a, ) by Theorem
5, we have

>y o] < (1= aB) [l

For f(z) € > p, by Montel’s normalization (7), we have

a - n— . n
Zp(z—i + ;anz P) = (a, + Zanz ) =1,

z=p n=1 z2=p

and then -
ap, =1— Zanp".
n=1

Therefore from (9), we have

Zd jan| < (1 —aB)lp Zanp

> [d -+ (1= aB)[plye") o] < (1 - aB)lpls

Hence

oy
Z' anl < mPvaTERPR
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Theorem 9 (Distortion Bounds) If f(z) € M, ;(p, o, 3, p), then
di — (1 - 045)[1?]1'17“) p

: r P < 2) <

(e <ies

(dl + (1 —aB)pli,r

di + (1 = aB)[plip

Proof. Let f(z) € M, ;(p,, B, p), then from Theorem 8 we have

o0 (1—aB)[pli;
; jan] < [dn + (1 — aB)[pli;p"]

)r‘p,(0< |z| =r <1). (12)

which yields

= (1 — af)lply
2ol < G o

n=1

From (1), we have
F@) =l a2+ a7 | (13)
n=1

by using Montel’s normalization (7), we get

a,=1-— Zanp” (14)
n=1

from (13) and (14),

F(2)]

IN

(1 — Z lan,| p" + Z |ay,| r”) rP
n=1

n=1

= (1 —(p=7)) |an|) re?

<d1 +(1- Ozﬁ)[p]i,jr> P
di+ (1 —af)[plip '

On the other hand we have

1)l 2 (

which completes the proof. m
By using classical normalization, (that is by taking p = 0) we can state
the following distortion result without proof.

di — (1 — aﬁ)[ﬁ]iﬂ) -
di + (1 — aB)[plijp ’
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Theorem 10 If f(z) € M, (p,, ), then

(1~ G0y o ey < (1 Lo o

0< |z =r<1).

3 Radius of Meromorphically p-valent Star-
likeness

Theorem 11 Let the function f(z) defined by (1) be in the class M, ;(p, c, ),
then we have f(z) is meromorphically p-valent starlike of order v(0 < v < p)
in the disk |z| < 1y, that is,

L
?R( ;{Z()Z>) >, 2] <ri;0 <y <pip€eN,
where .
e =T 1
Proof. Let f(z) = % 4 > a,2" 7. Then we can get
n=1
3+ S
TG = % o
7o P 20p—q)a,+ > (n=2p+2y)an |4
Thus, we have the desired inequality
zf'(2) )
+p (n—p+7)
fz) : pT7 n
G =1 i ZW lan 2" < 1. (16)
T CPT2 w1 P

Since f(z) € M, (p,a, ) from Theorem 5, we have

2= agﬁmjap an] < 1. 1"
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From (16) and (17)

e S T

S|=

dn(p —7)
2] < {(n —p+)(1— aﬁ)[P]m}

Hence the proof. m

4 Convolution Properties

For functions

fo(2) = aprz P+ ) lanil 2”7, (k=1,2p €N) (18)

n=1

we define the Hadamard product or convolution of fi(z) and fs(2) by

o0

(1 f2)(2) = Qpaapoz ™+ Y |ana| |ana| 2" 7. (19)

n=1

Theorem 12 For functions fr(k = 1,2) defined by (18) be in the class
Mi7j(p,04,6).Th€n (fl * f?)(z) € Mij(paa?é) thTG

1/ Ipliy (X —aB)* {lpli; + #5711 — pliy}
= a <1 di + [pl?;(1 — aB)? >

where dy = (*jP[1 — pl;.; + aB[pli;)-

o0

Proof. Let f1(2) = ap127 P+ |an1| 2" Pand fo(2) = ap227 P+ |ans| 277
n=1 n=1
be in the class M, ;(p, o, §). Then by Theorem 5, we have

o0 dn
n1l <1,
2 T e e <

n=1

S dn
anol < 1.
Z(1 —afB)[plijap an2]

n=1

38
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Employing the technique used earlier by Schild and Silverman [18], we need
to find smallest o such that

[e.e]

(%5%[n — pliy + adlpliy)
Z (1 — ad)[plijqap,1ap2

|| |an2] < 1. (20)

n=1

By Cauchy-Schwarz inequality, we have

[e.e] dn
2= apll sV el 1 (21)

n=1

then
(257[n — pli; + ad[pli ;)

d
Qn,1] |Ap2| < - A/ an 1| |Gn2]
(1 — ad)[plijapiaps [anaanz| (1 — aB)[plij\/apip2 [an 1l anz]

(22)
Hence dn(1 = ad)\/ay 10,2
n — ap,lap,Q

nallnal < (T3 T = pliy + a0ll) )

From (21) we know that

— 1 —aB)plijv/apiap,
|an71||an?2| S ( )[; J p,1 p2‘ (24)

From (23) and (24)
(1 — ap)[plij\/ap1ap2 - dn(1 — b)), /@y 10,2

dp, ~ (1 —=ap)(irjr[n — plij + adlpliy)

It follows that

(1o Bl 7= )

§< =
= a B+ o7, (1= af)?

Now defining a function ¥(n) by
U(n) = 1 (1 [pliy(1 = aB)? {[g?]i,j +7j%[n — pli}

o dz + [p]i,j(l —af3)?
we observe that W(n) is an increasing function of n. We thus, conclude that

_ 1/ Plig(t = aB)® {[pliy +P5P[1 = pliy}
=)< <1 B+ D, (b >’

) 0=,

«

which completes the proof. m
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Theorem 13 For functions fi1(z) € M, ;(p, o, B) and fa(2) € M, ;(p, a,7),
then (f1* fa)(2) € M, ;(p, ., (), where
dn(pa «, ﬁ)dn(p, «, 7) — ipjp[p]iyj[n — pLJ(]‘ — Oéﬁ)(]. — Oé7>

dn(p7 Oé?/B)dTL<p7 057’7> + [p]z%](l - Oéﬁ)(l - OérY)

c<t
(0%

where
dn(p, o, B) = (1P%[n — pli; + aB[pli;),
dn(p7 «, ’Y) = (Zp]p[n - p]i,j + a,}/[p]iyj)
and

Proof. For the functions

fi1(2) = apaz P+ lana| 2777 € Mij(p, a, B)
n=1

and

fa2) = ap2z" + 3 lanal 2" € Mi(p, 7).

n=1
then by Theorem 5, we have

nzl 1—046’ ”ap1|an,1|§1 (25)
and .

; - Oé];,a ;Yjaﬂ |ana| <1, (26)
where

dn(p, v, B) = (3P [n=plij+aBlpli;) and dn(p, ;) = (7" [n=pli;+ar(pli,).

Since (f1 * f2)(2) € M, (p, o, ¢) and by Theorem 5, we have

o0

2 (D, C)
<1. 2
nE . —aC |an1]an2] < (27)

Plijp1ap2

Applying Cauchy-Schwarz inequality, we have

\/d @, 7)
Z 1_0@( L Jlanllans| <

1- O"V)ap 10p2

(28)

40
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From (27) and (28), we have

/ \/d p,&ﬁdnp,O[’}/) (1—O{C)
|(ln 1| |CLn2 = 1 — 046)(1 — Oé’}/) dn(p,Oé, g) \/m (29)

We know that

[plij/ (1 — af)(1 — ay)ay, 10p.2

n n2| < 30
(a2 Vdu(p, @, B)dn(p, a, ) )
From (29) and (4.13), we get
[Plij /(1 = aB)(1 = ay)apraps _ v/dn(p, @, B)dn(p, ,7) (1= af) Jarias

Vin(p,a, B)dn(p,a,y)  —  /(I—aB)(l—ay) dn(p, ;)

1 [dn(p, @, B)dn(p; ;) = 5P plijln = pliy(1 = aB)(1 — 04’7)}
a dn(ps v, B)dn(p, ;) + [pl7;(1 — aB)(1 — ay) '
Now defining a function ¥(n) by
1 [dn(p, a, B)dn(p; o, 7) — 57 [plij[n — plii(1 — af)(1 - 047)}
a dn(p, v, B)dn(p, @, 7) + [pl7 ;(1 — aB)(1 — o) ’

for n > 1, we observe that ¥(n) is an increasing function of n. We thus,
conclude that

1 {dn(Pa @, B)dn(p, ;) = 5P plijln = pliy(1 = aB)(1 — a’y)}
a dn(p, @, B)dn(p; 2, 7) + [pI7;(1 — aB)(1 — ) ’

which completes the proof. m

(<

U(n) =

(<

Theorem 14 Let the functions fy(z)(k = 1,2) defined by (18) be in the class
M, (p,a, B, p). Then the function H(z) defined by

H(z) = (ap1 + ap2)z " + Y _(|ana|” + |ana|?) 2"

n=1
is in the class M, ;(p, o, v, p), where

1 <C§ —2(1 = aB)?[pl3,;p" — 20757 [1 — pliy(1 - aﬁf[l?]m)

VSE cf +2(1 = af)?[plf; — 2(1 — aB)?[pf} ;0

41
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Proof. Note that
2

22{1—m3] rMmféiihT;%ﬁﬁamwj <1,(k=1,2),

n=1

where C,, = d,, + (1 — af8)[pl:;p"-
For fi.(2) € M ;(p, a, B, p)(k = 1,2), we have

3.5 i) Gonsf +mal <1 31

n=1

Therefore we have to find the largest v such that

> |tk el O Bhat] o, 4 fagalt) < 1. (32)

n=1

From (31) and (32) we get

[ — pligis” + o lplis + (1= alphsp™] 1] Cu 1P
{ (1 —a")[pli; }SQ[U—QMM ]A =V

Sl(ﬁ_g(_.QPH%W—QWﬂM—Muﬂ—%WPMm)AnZl»

K 2 +2(1— aB2plZ; — 2(1 — B2,

Now defining a function ¥(n) by

1 (=20 = aB)’lpliy(pligp” + 75" In = plig) \
U(n) = a ( 2 +2(1 - 045)2[19]?73.(1 — o ) ,(n>1)

we observe that ¥(n) is an increasing function of n. We thus, conclude
that

1 (Cf —2(1 = af)?pl;;p" — 207571 — pli (1 — 045)2[17]1,1>

v < E cl—|—2(1—a5) [] _2(1—046) [p]ﬁjp
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5 Closure Properties

Theorem 15 Let the function f(z) given by (1) be in M, ;(p,c, 3). Then
the integral operator

1
F(z) = c/ u P f(uz)du, (0 < u < 1,0 < ¢ < 00),
0

is in M, j(p, a, §), where

5= 1 ((n%—c)dn—cipjp[n_p]i’j(l—aﬁ)) (33)
Q (n+ ¢)dy, + ¢[pli;(1 — af) '
Proof. Let f(z) € M, ;(p,, ). Then
1
F(z) = c/ w7 f(uz)du
— uctP— 1 -p
( (uz)? + Zan uz)" )
- Z:: n -+ c '
It is sufficient to show that
ic(ipjp[n — p]i’j + aé[p]i’ﬁa <1 (34)

— (n+o)1—ad)plija, T

Since f(z) € M, ;(p, @, B), we have

— (i”j7[n — plij + aB[pli;)
; 1 aB)plyja, =t
Note that (34) is satisfied if
c(i®3Pn = pliy + adlpliy) _ (570 = pli; + ablpliy)
(n+c)(1 —ad)lplija, — (1 — aB)[plijap

or

(i 5P [n — plij + a@d[pli;)(1 — aB) < (n+¢) (@57 [n — plij + aB[pli;)(1 — ad).
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Solving for 9, we have

1 ((n+0)dy — ci?j"In — pliy(1 = af)
'3 ( (n + c)dy + c[pli;(1 — aB) ) |

Theorem 16 Let f(z) given by (1), be in M, ;(p, o, 3). Then

[e.e]

F(:) = e+ ) + /() =2+ Y

zP

c+n

az" P, ¢ >0,

n=1

is in M, ;(p, o, B) for |z| < r(p,a, 5,0), where

r(p,, ,0) = inf

n

c(l — ad)(@j"[n — pli; +aBlpliy)  \"
((c +n)(1 —aB)(PjPn - pli; + aa[p]i,j)) n=1,23..

(35)
Proof. Let w = {%W} . Then it is sufficient to show that
W+ p
— | < 1.
‘w —-p+ 26‘

A computation shows that this is satisfied if

. /c+n (ipjp[n—p]q~|—0z5[p]q)a z"
> (<) (= ads, P = (36)

Since f(z) € M, ;(p,a, 3), by Theorem 5, we have

n=1

o0

PP n — ij+04 ij
Z(][ plij + aBlplis)

O ad)lya, =t

n=1

The equation (36) is satisfied if

i <c 4 n) (i52[n — pli; + ad[pli ) o < i(ipjp[n — Pliy + abBlplig)

2\ (1= a6) [pliay 2 (1= ap) bl

A simple computation yields, the inequality asserted in equation (35). m
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Theorem 17 (Arithmetic Mean) Let fi(2)k =1,2,...,u) defined by

fk(z) = % + Zan,kzn_pv (an,k > 0> k= 1727 sy Uy T > 1)
n=1

be in the class M, j(p, o, B, p). Then the arithmetic mean of fr(z)(k =1,2,...,

defined by
m
= lka(??)
’unzl

is also in the class M, ;(p, ., B, p).

Proof. Since fi(z) € M, (p,, B, p)(k = 1,2, ..., 1), then by using Theorem
8, we have

[e.9]

[d + (1= af)pli;p" ( Zank)
. _2 (Z A+ (1= 0B)[pls 0" )

< (1-af)pliy

which in view of Theorem 8, again implies that g(z) € M, ;(p, o, 3, p) and
so the proof is complete. =

Theorem 18 (Weighted Mean) Let fi(z)(k = 1,2) defined by
— apk —p —
+ Zan kz ’ (an,k 2 07 k= ]-7 2)

be in the class M, ;(p,a, B, p). Then the weighted mean of fi(z)(k = 1,2)
defined by

% (1 =) fi(2) + (14 ¢) fa(2)] (37)

is also in the class M, j(p, ., 3, p).

W.(z) =
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Proof. Since
a k > n—
fk(z> = % + Zan,kz P < Mi,j(p705767p)
n=1
for (a,, > 0,k =1,2) and by (37) we have,

=1
Wo(2) = (ap1 + apo)z? + 25 (1= C)any + (14 ¢)ana] 2"
n=1

From Theorem 8,

o (dn + (1= aB)[plip")

2 e, = (%)
" (s + (1= aB)lplisp")

D T (39)

By using (38) and (39) in (37), we have

1 1
Wie) = S(1- (- aB)ply; + 51+ 01 - af)l,
< (1= aB)pliy-
Therefore W.(z) € M, j(p,, 3, p), which completes the proof. =

Acknowledgment. The authors thank the referees for their valuable
suggestions which led to the improvement of the paper.
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