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Abstract

In this current paper, we establish a new class of univalent func-
tion QRZE“ >(h,t,1,8) defined by comprehensive differential operator.
We investigate the adequate condition for a function f(z) to be in
this class.
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1 Introduction

Let A denote the class of functions of the form

f(z):z—i-ZaTzT:z—i—agf—i—'-- (1)
T=2
which are holomorphic in the open unit disk
U={zeC:|z| <1}
Let W(U) be the space of analytic functions in Y. For e € C and ¢ € N we
indicate by

Wie,q):={f e WU) : f(2) = e+ ez + egur2 + -} (2)
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and
= {f EWMU) : f(2) = 2+ ez + €0z + - - } (3)

with A = A and z € .
Let Q C A indicate the class of univalent functions in & and by S*({) C Q
indicate the class of starlike functions of order ¢, 0 < ( < 1 which gratify the

condition
()

Also, a function f(z) essential to K(¢) C Q is evident to be convex functions
of order ¢, 0 < ( < 1 in U, supposing

(80

and signify R(¢) C Q as the class of bounded turning functions which gratify
the condition

R{f(2)} > ¢,

where z € U.

Definition 1.1 [10] For f € A, hq,le./\/'o—{O,l,Q,B o > e >0,
t>0andt+1>0, the opemtO'qu TR defined by D" A— A

p1,p2,tl

DY if (2) = My () ¥ RUf(2) (2 €U). (6)

We define the holomorphic function

M

(14 (p +p2)(r = 1) +1]"
”Z[ Otmr—1)+ | °

,ulmtl )

where h,l € Ny ={0,1,2,3,---}, 1 > 2 >0, t > 0 and t +1 > 0. RIf(2)
denote Ruscheweyh derivative[l1] and given by

' _1)' 6LTZ 9
— q!(7 !

where ¢ € Ny and z € U.
If f(z) € A, f(2) =2+ > 72, a,27, then we have

Mluztlf( )

N

tA+ (i +p)(r—1)+1]" g+ -1
Z|: t(1+po(r —=1)) +1 :| q'(j —1)! ar (7)

where h,q,1 € Ng ={0,1,2,3,-+-}, p1 > 2 >0, t >0 and t +1> 0.

T=2
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Remark 1.2 . [t follows from the (7) that

(L4 o = 1)) + DD f(2) = (L po(r = 1) = ) + )DL S (2)
+tnz(Df i f ()

for z € U.

Remark 1.3 .
o D? OM 1f(2) = DIf(2) which exactly is the Ruscheweyh derivative [11],
. D?:g,wf(z) = D" f(2) which exactly is the Sdldgean derivative [12],
o DY m0f(2) = D f(z) which exactly is the Al-Oboudi operator [1],
. Df[l}fo,l,of(z) = Dg’lhf(z) defined by Al-Shagsi and Darus 2],
. D‘fjg,u (2) = D" f(2) defined by Uralegaddi and Somanatha [15],
o D?:g,Llf(z) = DI'f(2) defined by Cho and Srivastava [5],
. qu“hu2 10f(2) = Dot f(2) defined by Eljamal and Darus 7],
o DY hM 0.f(2) = DY hm f(2) defined by El-Yagubi and Darus [6],
o D, ho 1 f(z) = Zl,zf(z) defined by Catas[4],

o DY ho 1 f(2) = D} 1 f(2) defined by Swamy [14].

Lemma 1.4 [9] Let ¥ be holomorphic in U with 9(0) = 1, if

® (1 50) >

then R(V(2)) > CinU, z €U and 5 < { < 1.

2 Main Results

Definition 2.1 A function f € A, h,q,l € Ny, 1 > po > 0, t > 0,
t+1>0, 5> 2and0<(<1@smtheclasngm“Q(h,t,l,ﬁ) if

q,h+1
Dul,wyt,lf(z) ( J1.a, tlf( )> -1 <1-¢C. (8)

zZ z
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Note that inequality (8) implies that

/(ilhﬁ—;ltlf( ) ( ,u1,u2tlf( )

R

z z

) >( (0< (<1,

where z € U.

Remark 2.2 The family QR;‘}C’W(h, t,1, B) have various classes of holomor-
phic univalent functions which includes:

o Gwen puy =t=1, uo=01=q=0, h=0 and § = —1, then

GRyL(0,1,0,—1) = S*(()

o Givenpuy =t=1, uo=1=q=0, h=1 and § = —1, then

o Giwen puy =t=1, uo=10=q=0, h=0 and B =0, then
GR;2(0,1,0,0) = R(C)
o Givenpuy =t=1, uo=1=q=0, h=0 and f = —2, then we have the

class

investigated by Frasin and Darus [8].

o Given uy =t=1, uo =1=¢q =0 and h = 0 then we have the class
GRy(0,1,0,58) = B(5,()
inroduced by Singh [13] and studied by Babalola [3].

Theorem 2.3 Let f € A be of the form f(z) = z+> >0, a:2", h,q,1 € N,
f1 > >0,t>0,t4+1>0,>-2and i <(<1,if

m(G(H“Z(T”))*l) DUt C), A0+ o= 1)+ Do)

tﬂl Zlhlet lf( ) t'ul Ml W2, tlf(z)
1+ B+ pe(r—1)) +1) 3( -1
— s + 1) > T (9)

then f(2) € GR(h,t,1, 3).



A Subclass of Univalent Functions 25

Proof. If we denote by

19(2,) _ Zlh:;,tlf( ) ( 4, u2tlf( )>

z z

where 9(z) = 1 + 912 + Yoz + - -+, 9(z) € WL, 1], by simplification

In(9(z)) = n(DL"20, f(2) = In(z) + BIn(DLY, . f(2)) = Bln(z)
and by simple differentiation it implies that

0(2) _ Ditndf Q) | BORaf ) 1 B
19(2) Dzyﬁ:;t,lf(z) DZlhzltz t, lf(z) o o
0'(2) (L4 pa(r — 1)) +1) sz:f”f(z> B(H(L + pa(T — 1)) + 1) DL, F(2)
(z) 2t DY f (z) 2t D" i f(2)
CBEA A+ pe(r =) )+l A+ p(r-1)—m)+l) 1 B
zZtp zZti z oz

Multiply through by z,

A(2) (KL + po(r — 1)+ 1) Dptr, 1 f(2) B+ pa(r — 1) +1) D1 f (2)

O i D () t Dol f(2)
I G Ve I ) R G T Gl VY ) B
4751 i
2(2)  (H(1+ pa(r — 1) + 1) DE2, F(2) B+ po(r — 1)) +1) DI f(2)
O tn D () i Dol f(2)
(LBt + pa(r = 1) +1)
bt

20(2)  (H(L+ pa(r — 1) +d) Dt f(2) L+ po(r — 1) + 1) Zf‘:;”ﬂz)

79(2) B bt DZlh/—it—zltlf(Z) b Ml M2, ”f(Z)
_(@+p)ea thl;jz(T —D)*D 4y

In the interpretation of the Theorem 2.3, it implies that

® (150 >

Hence, by Lemma 1.4, we have

R Zﬁ:jtlf( ) ( Ml#Qtlf( >> >C

z z
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therefore, f(2) € GR,/"*(h,t,1, B) by Definition 2.1.
We have the subsequent corollaries as a result of the above theorem.
Choosing iy =t =1, uo =1l=q=0,h=1, = —1 andC:%,wehave

Corollary 2.4 Suppose f(z) € A also

Z2f///(z) +3Zf”(2) +f/(2> B Zf”(Z)
%( ) fw>)>

1
2

9

then

2f"(2)\ 1
R(1+55) >
hence f(z) € QRé’g(l, 1,0,—1) = K(3), where z € U.

2
Choosing 3 =t =1, uo =1 =q =0, hzl,ﬂanndCz%,wehave
Corollary 2.5 Suppose f(z) € A also

fﬁ%d+3fﬂ@%+ﬁ%d> 1
%( 2P72) + 21'(2) )

then

Y

DN | —

RIf(2) +2f"(2)] >
where z € U.
Choosing ;y =t =1, uo =1=q=0,h =0, f = -1 andC:%,wehave
Corollary 2.6 Suppose f(z) € A also
R(L )
f'z)  f2) 2
hence f(z) € QR(I):%(O, 1,0,—1) = 5*(3), where z € U.

Choosing 3y =t =1, uo =1 =q =0, hzO,ﬁannd(:%,wehave
Corollary 2.7 Suppose f(z) € A also

*( )

then .
R(f() > 5

hence f € QR(I)’E(O, 1,0,0) = R(3), where z € U.
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Choosing,ul:tzl,,ugzd:nzo,h:O,B:—%anda:%,wehave

Corollary 2.8 Suppose f(z) € A also
2f"(2) ) B Zf'(z))
"2 (5 ) - ) o

22 f'(2) 1
§R 1 a)
( 75 ) "2

hence f(z) is Bazilevic of order %, type % inU, where z € U.

then

Choosing,ul:tzl,,ug:d:n:(),hzo,ﬁ:—%anda:%,wehave

Corollary 2.9 Suppose f(z) € A also
2f'(2) (Zf”(z) ))
(2 (Fg )

%(ﬁ@f@>>;

hence f(z) is Bazilevic of order %, type % in U, where z € U.

then

3 Open Problem

The open problem is to determine a generic class of univalent functions such
has gRZ}Z’“Q(h,t,l,B), h,q,l € No, g > 1o >0, t>0,t+1>0, 3> —2 and
% < ¢ < 1 is contained inside and possible to obtain. Compare the new results
with the results given by [3].
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