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1 Introduction

Let H(U) be the class of functions analytic in U={z € C : |z| < 1} and
H{a,n] be the subclass of H(U) consisting of functions of the form:

f(2) =a+anz" + anq 12"+

with Hy = H[0,1] and H = H|[1,1]. Let ¥, denote the class of all p—valent
meromorphic functions of the form:
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fR) =27+ Y a2 peN={1,2.}2eU =U\{0}). (1)

k=1-p

For two functions f(z), F(z) € H(U), f( ) is subordinate to F(z) or F(z)

is superordinate to f(z) (f(z) < F(z)) in U , if there exists a function w(z),
analytic in U with w(0) = 0 and \w(z)] <1, f(z) = F(w(z)) (z € U) and if
F(z) is univalent in U, then (see [1] an [4])

f(2) < F(z) <= f(0) = F(0) and f(U) C F(U).

Let ¢ : C*> x U — C and h(z) be univalent in U. If p(z) is analytic in U and
satisfies the first-order differential subordination:

o(p(2), 2p (2);2) < (), (2)

then p(z) is a solution of the differential subordination (2). The univalent
function ¢(z) is called a dominant of the solution of the differential subordina-
tion (2) if p(z) < ¢(z) for all p(z) satisfying (2). A univalent dominant ¢ that
satisfies ¢ < ¢ for all dominants of (2) is called the best dominant. If p(z) and
d(p(2), zp' (2); 2) are univalent in U and p(z) satisfies first-order differential

superordination: /
h(z) < o(p(2), zp (2); 2), (3)

then p(z) is a solution of the differential superordination (3). An analytic func-
tion ¢(z) is called a subordinant of solutions of the differential superordination
(3) if ¢(2) < p(z) for all p(z) satisfying (3). A univalent subordinant § satisfies
q < § for all subordinants of (3) is called the best subordinant (see [4] and [5]).

For f(z) € ¥,,0 < up < 1,0 <6 <1andp €N, we define the following
operator:

5 _ 1 i 40, (1)
L. f(z) (1—u)5+1f(5+1)/t e f(zt)dt
IR 5+k+1+ ) .
- £ Rt

From (4), we can easily obtain the following identities:

2D f(2) = (F+ 1) I f(2) = (S +14p) I, f(2). (5)

We note that: Iiuf(z) = Igf(z)
To prove our results, we need the following definitions and Lemmas.
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Definition 1 [4]. Denote by F the set of all functions g(z) which are
analytic and injective on U\ E(q), where

.mwz{gemrggq@w=m},

and such that ¢'(¢) # 0 for & € U\FE(q). Further let the subclass of F for
which ¢(0) = a be denoted by F(a), F(0) = Fy and F(1) = F;.

Definition 2 [5]. A function L(z,t)(z € U,t > 0) is said to be a subor-
dination chain if L(0,t) is analytic and univalent in U for all ¢ > 0, L(z,0) is
continuously differentiable on [0, 1) for all z € U and L(z,t;) < L(z,t3) for all
0 <1 <t

Lemma 1 [7] . Let L(z,t) = a1(t)z + as(t)2% + ..., with a;(t) # 0 for all
t > 0 and lim; . |a1(t)| = oo. Suppose that L(.;t) is analytic in U for all
t >0, L(z;.) is continuously differentiable on [0;+00) for all z € U. If L(z,t)

satisfies OL(=.1)0
Z z,t z
9 >
Re{ OL(z,t)/0t } >0 (2€U,t20)

and
|L(z,t)] < Kolai(t)],|z| <ro <1,t >0,

for some positive constants Ky and 7¢, then L(z,t) is a subordination chain.
Lemma 2 [3] . Suppose that the function H : C*— C satisfies the condi-
tion

Re{H(is;t)} <0

for all real s and for all ¢ < #ﬂz), k € N. If the function p(z) = 1 + pp2* +
Pee128tL 4 ... is analytic in U and

Re{H(p(2);2p'(2))} >0 (2 € V),

then Re{p(z)} > 0 for z € U.

Lemma 3 [6] . Let k,e¢ € C with x # 0 and let h € H(U) with ~2(0) =0
if Re{rh(z) + €} > 0(z € U), then the solution of the following differential
equation:

2q (2)
————=h U;q(0) =0
o)+ 5 = h(e) (= € Usg(0) =)
is analytic in U and satisfies Re{rq(z) + ¢} > 0 for z € U.

Lemma 4 [4] . Let p € F(a) and let q(2) = a + axz® + ap12"™ + ... be
analytic in U with ¢(z) # a and k > 1. If ¢ is not subordinate to p, then there
exists two points zg = roe? € U and &, € OU\ E(q) such that

q(Uy,) € p(U); q(20) = p(&) and zop (20) = m&op (&) (m > k).
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Lemma 5 [7] . Let ¢ € Hla,1] and ¢ : C*— C. Also set go( )
h(z). If L(z,t) = ¢ (q(z),t2q (2)) is a subordination chain and ¢ 6 H[a, 11N

F(a), then /
h(z) < ©(q(2), 2q (2)),

implies that ¢(z) < p(z). Furthermore, if ¢(q(2), 2¢ (2)) = h(2) has a univalent
solution g € F(a), then ¢ is the best subordinant.

In this paper, we investigate several properties for the class defined by the
operator I?  f(2).

2 Main Results

Unless otherwise mentioned, we assume throughout this paper that 0 < py <
1,0<0<1,0<A<1,0<y<1,peNand z € U*.
Theorem 1. Let f,g € ¥, and let

((,b(z) =(1-2M\) (zp[g#g(z))’y + A <Ip“—g()> (zp[gug(z))V) , (6)

13 ,.9(2)
where ,
29 (2)
Re< 1 - —
: { Lt } -
and 7 is given by
1 [ - ]
n= 4 [@} (7)
Then
[5+1
(I=2X) (zpfﬁ’#f(z))’y + A (%) (,zpfgﬂf(z))7
16—1—1
< (1-=2X) (zpfgwg(z))w + A (%) (zpfgug(z)y (8)
implies that
("1, f(2)" = (2715 49(2))" (9)

and the function (,21"];,5’#9(,2))7 is the best dominant.
Proof. Define the functions F(z) and G(z) in U by

F(z) = (zp[gyﬂf(z))y and G(z) = (zpf‘sug( ))’Y (10)
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and assume, without loss of generality, that G(z) is analytic, univalent on U
and G'(€) # 0 (|¢] = 1). If not, then we replace F(z) and G(z) by F(vz) and
G(vz), respectively, with 0 < v < 1. These new functions have the desired
properties on U, so we can use them in the proof of our theorem, the results
would follow by letting v — 1. We first show that, if

2G" (2)

q(z) =1+ IOR (11)
then
Re{q(z)} > 0.
From (5) and the definition of G, ¢, we obtain that
A /
o(2) =G(2) + sz (2). (12)
Differentiating (12), then
(z)=(1 A el AN 13
¢(2)—<+m> (Z)+mz (2). (13)
Combining (11) and (13), we have
20" (2) 2q ()
l—i-W:(Z(Z)-Fm:h(z)‘ (14)
It follows from (6) and (14) that
Re {h(z) + @} > 0. (15)

Moreover, by using Lemma 3, we conclude that the differential equation (14)
has a solution ¢(z) € H(U) with h(0) = ¢(0) = 1. Let

H(u,v) = u+ + 7,

1+6

u+ 7(/\ )

where 7 is given by (7). From (14) and (15), we obtain
Re {H(q(z), zq'(z))} > 0.

To verify the condition

Re { H (iu, v)} < 0 (uER;vg—lJ;u2), (16)
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we have
v
Re{H (iu,v)} = Re {iu+—+n} =
’ . (1+9)
MW+ WT
A, o (u,1,7, A, 6)
(1+6) \ 2 s - 2]’
u? + (v = ) 9 [u2 i (7(1;6)> }
where

v (1+56) _277} 2 {M}:M, (17)

U(u,n,%k,é)z{ By 3 3

For n given by (7), we have o (u,n,v,A,0) in (17) is positive, which implies
that (16) holds. Thus, by using Lemma 2, we have

Re{q(2)} > 0.

That is, that G(z) defined by (10) is convex in U. Next, we prove that (8)
implies that

F(z) < G(2),
for F' and G defined by (10). Consider L(z,t) given by
A1+t /
L(z,t) = G(z) + ﬁzG (2) (0<t<00). (18)

We note that

OL(z,t) ,
o |.=0= G (0) (1 +

This show that

A1+1)
L(z,t) =a1(t)z + ...,

satisfies a1 (t) # 0 for all ¢ > 0 and lim; ., |a1(t)| = +o00. From (18) and for
all t > 0, we have

A
LGl _ |60+ 3EFCE)] 160+ 265120 )

_ 19
a1 (0)] )1 A | 3 2050 (19)

~(1+6) 7(1+9)

Since G is convex and normalized in U, the following well-known growth and
distortion sharp inequalities (see [2]) are true:

m < BRI <<,

1 / 1
ERSE < ‘G(z)g(l ? if 2] <r< 1

T —Tr




Some Inequalities for Meromorphic Multivalent 17

Using the right-hand sides of these inequalities in (19), we have

|L(z,t)| {(1—r)7(1+5)+)\(1—|—t)} < T
)] (1=r)* L yA+)+AA+) |7 (1-r)
and thus, the second assumption of Lemma 1 holds. Furthermore,
Re 20L(z,t)/0z _Red? (1+96)
OL(z,t)/0t A

Therefore, by using Lemma 1, we deduce that L(z,t) is a subordination chain.

So

(lel <7t >0)

+(1+1) q(z)} > 0.

A /

o(z) =G(2) + 5 G (z) = L(z,0)

(1+ 5)2
and
L(z,0) < L(z,t),

which implies that
L(&,t) ¢ L(U,0) = ¢(U) (£ €dU). (20)

If F is not subordinate to (G, by using Lemma 4, we know that there exists
two points zg € U and &, € QU such that

F(z0) = G(&) and 2F (20) = (1 +1) §G (&) (21)
Hence, by virtue of (8), (10), (18) and (21), we have

_ AL+ G (&) Az F (20)
= (1-)) (zglg’uf(z()))v + A (%) (zgfguf(Zo))v € ¢(U).

This contradicts (20). Thus, we deduce that F' < G. Considering F' = G, we
see that G is the best dominant. This completes the proof of Theorem 1. W
We now derive the following theorem.
Theorem 2. Let f,g € 3, and ¢(z) as in (6), and 7 is given by (7), If

(1= N) (212, f(2)" + A M (2712, f(2))"
P I .f(z) o
is univalent in U and (z”I][‘iMf(z))7 € F, then

I0lg(z)

(1 - )‘) (zplz#g(z))v + A (W) (ijzriug(z))7

< (1= ("L f(2)" + A il 1) ("1, ,.f(2)"
1, f(z)
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implies that
(" 5,9(2))" < ('L, f(2))

and the function (2719 Mg(z))v is the best subordinant.
Proof. Suppose that F,G and ¢ are defined by (10) and (11), respectively.
By applying the similar method as in the proof of Theorem 1, we get

Re{q(z)} > 0.

Next, to arrive at our desired result, we show that G < F. For this, we suppose
that the function L(z,t) be defined by (18). Since G is convex, by applying a
similar method as in Theorem 1, we deduce that L(z,t) is subordination chain.
Therefore, by using Lemma 5, we conclude that G < F. Moreover, since

A /

¢(2) = G(2) + 7 2G (2) = p(G(2), 2G (2)),

1+96)
has a univalent solution G, it is the best subordinant. This completes the proof
of Theorem 2. W

Combining Theorem 1 and Theorem 2, we get the following "sandwich-type

result".
Theorem 3. Let f,g; € £, (i = 1,2) and let

B IECIO] S
R {1+ 5(2) }> dgi(z)

(gbi(z) =(1-2MX) (zp[g#gi(z))y + A (%{;"—gi(z)> (z"’[z‘iugi(z))7 (1= 1,2)) ,

where 7 is given by (7). If
(1=X) ("I, f(2))" + A (%) (P10, f(2))"
is univalent in U and (2713, f(2))" € F, then
(1=X) ("I ,01(2))" + A (M) (P12 1 (2))”
= (1=N) ("L, f(2) + A (M> (1 f(2))"

< (1=X) (zp.fll‘iugz(z))7 + A <M> (zpl,f,ugz(z))”
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implies that
("L (2))" = (L f ()" < (7 1,02(2))

and the functions (,zpfl‘g’ugl(,z))7 and (,zp[;iugg(z))7 are, respectively, the best
subordinant and the best dominant.

3 Open Problem

The authors suggest to study this class defined by the operator

1 * 2\
o - log — tPf(t)dt
v () ZPHF(a—’y—I—l)/O (Ogt> 1(#)
1 i ( 1 >a7+1 .
= —+ —_— apz” (a,y>0).
Lt k+p+1
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