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Abstract

In this paper we consider the subclass A{(«, 3, A, B) consisting of
meromorphic functions analytic in U* = {z:2€ C:0< |z| <1} with
negative and fixed second coefficients and obtain coefficient esti-
mates, distortion theorems and closure theorems. Finally we obtain

radius of convexity for functions in this class.
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1 Introduction

Let X be the class of meromorphic functions of the form:

f(z):%—i—Zakzk, zelU ={z:2€C:0< 2| <1} =0U\{0}. (1)

k=1
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Let ¥, be the subclass of ¥ consisting of convex functons which satisfies the
condition ,
2f (2)

W}>O (z €U, (2)

and X (a) be the subclass of ¥ consisting of convex functons of order « satis-
fying the condition

—Re{1+

2f (%)
f'(2)

Let A denote the subclass of ¥ consisting of functions of the form

—Re{1+ }>a (zeU0<a<l). (3)

F) =7 = ] (1

A function f(z) € ¥ is in the class Xi (o, 8, A, B) if it satisfies the condition

£
u_ﬂ
2

2" (2) _B)(1-a
B(1+ L )+[B+(A B)(1-a)]

<pB (€U, (5)

where 0 < a<1,0< <1, -1<A<B<land0< B<1.
The class Yi(o, 8, A, B) was defined and studied by Srivastava et al. [§]
and Aouf and Shammaky [5, with p=1]. Let

Ak(Oé,B,A, B) = Zk<05,6,14, B) N A

We note that
Ak<a7 17 _17 1) = Ak(a)v

which was defined and studied by Uralegaddi and Ganigi [10]. Furhermore,
Ay(0,1, A, B) = Ai(A, B)
is the class of f(z) € A, satisfying the condition (see Srivastava et al. [8])

o)
24,2
1 (2)

S 4O N
B <1+7zf, () ) +A
I (z)

<1 (€U, -1<A<B<1,0<B<I1). (6)

We begin by recalling the following lemma due to Srivastava et al. [8] (see
also Aouf and Shammaky [5, with p=1].

Lemma 1. Let the function f(z) defined by (4) be analytic in U*. Then
f(z) € Ax(a, 5, A, B) if and only if

ik{(/ﬁ%)+ﬁ[Bk+(B—A)a+A}}\ak| <(B-A)p(l-a). (7
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In view of Lemma 1, we can see that f(z) € Ag(a, 3, A, B) satisfies the
coefficient inequality

! —2+5[B+A+(B A)a]’
For 0 <c <1, let
(B _ A)ﬁ (1 — Oé) c (9)

o] = 2+ B[B+A+(B—A)al
Let Af(a, 8, A, B) denote the subclass of Ag(c, 3, A, B) consisting of functions

of form

1 A a)e
f(z) = i 2+/(31FB+/)‘5+13 Dal? — Z lax| 25 (0 <c<1). (10)

We note that:

(Z) AZ(O{7 ]-7 _]-7 1) = AE(OZ),

(i) AS(0,1, A, B) = Af (A, B).

In this paper the techniques used are similar to those of Aouf and Darwish
[1], Aouf and Joshi [3], Aouf et al. [2, 4], Owa et al. [6], Silverman and Silvia
[7] and Uralegaddi [9].

2 Coefficient Estimates

Unless indicated, we assume that 0 < a<1,0< <1, -1< A< B <1 and
0<B<1,0<c<1, f(2) defined by (10) and z € U*.
Theorem 1. A function f(z) € Af(a, 5, A, B) if and only if

> k{(k+1)+ B[Bk+ A+ (B— A)al} x| < (B=A)B(1—a)(1-c). (11)

Proof. Substituting (9) in (7) and simplifying we get the result. W
Corollary 2. Let f(2) € Af{(a, 8, A, B). Then

(B—A)B(1—a)(1—c)
“k{(k+1)+pB[Bk+ A+ (B— A}

|ak| < (k >2). (12)

The result is sharp for
1 (B-A)B(L—a)c (B-A)BA-a)(1—¢)

M = B+ A+ B- Al F{(+ D+ BBE+ A+ (B - A 1>}

(k> 2).
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3 Distortion Theorems

Theorem 2. Let f(2) € Af(a, 8, A, B), then for |z| =r < 1, we have

1L (B-a)sa-a) b _(B-ABO-a)i=) 2

- HBBrA+(B-A)al|  2(3+BR2B+AT(B—A)al}
< [f(2)] <

1 (B—A)B(1—a)e

(B—A)B(1—a)(1—c) 2 (14)

- T pB AT (B-Aal T 3B HARBAT(B-Aa]}

The result is sharp for

1
_ (B-4)B(1-a)c (B—A)B(1—a)(1—c) 2
F2) =~ = srpmrar(BAal? ~ M BRBTAT(B-Aa]}* (15)

Proof. Since f(2) € Af(«, 8, A, B), then Theorem 1 yields

(e o]

(B—A)B(1—a)(1—c)
Z |ax| < 2(31B2B+A+(B—A)al} " (16)
k=2

Thus, for |z| = r < 1, we have

1 B—A) a)ce
G < o+ mras |z|+§j|ak|| &

1
(B—A)5(1—0)e
S - T S aErAT(B—Aa] T Z |ax
1
(B—A)B(1—a)e (B—A)B(1—a)(1—c) 2
S St mmrarG-Aa” T iERnr AT G-Aa)

Similarly we have

1 B-A4)8(1 - k
POl > o= e o= 3 ol I
k=2
> L as-ae o (B-AsO-a)i-0 2
= 21 B[B+A+(B—A)a] 2{3+B2B+A+(B—A)al}

r

This completes the proof. W

Theorem 3. Let f(z) € Af(a, 8, A, B), then for |z| = r < 1, we have

1 Basaeae  _m-apo-ao-o
r2 2+p3(B+A+(B—A)a] {3+8[2B+A+(B—A)al}
)<

1 (B—A)B(1—a)c

(B-A)B(1-a)(1-0)
2 T B AT Aa] T BARBIAT(B-Aa]} - (17)
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The result is sharp for f(z) given by (15).
Proof. In view of Theorem 1, it follows that

(B—A)B(1—a)(1—c)
Zk jax| < {3+6[2B+A+(B Ayal} (18)

Thus, for |z| = r < 1, and making use of (18), we obtain

/ 1
(B—A)B(1l—a)c k—1
PO = T b+ ke

1
(B—A)B(1—a)c

S St msEArE- A T TZ k| ax]

< L mapa-ae (B-A)B(1-a)(1—c)

r2 + 2+B[B+A+(B—A)a] + BrBRB+AT(B—A)a]}

Similarly we have

/ 1 B—-A)B(l—a)c k—1
1) 2 =~ wirre Zwlz\

2]
> 1 easiae  (B-A80-0)-0
= 2 2HBBTA+(B-A)a] ~ B+ARBTA+(B-A)al}

This completes the proof. W

4 Closure Theorems

Let f,(z) be defined, for v = 1,2, ...,m, by

1
o (B—A)B(1—a)c
1ol2) =2 — sebiErarE-aa* ~ (19)
Theorem 4. Let f,(2) € Af(a, 3, A, B) for v =1,2,...,m. Then
1 A) a)e
9(z) = - — 2+(B?B+Ai(13 Aa? E bez*  (bx > 0), (20)

z

is also in the same class, where

1 m
bk = E; |6Lk;7v| . (21)
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Proof. Since f,(z) € Af(a,B,A,B) for v = 1,2,...,m, it follows from
Theorem 1 that

[e.e]

D k{(k+1)+B[Bk+ A+ (B— A)a} |ag,| < (B—A)B(1—a)(1—-0).

(22)
Hence
D k{(k+1)+B[Bk+ A+ (B — A)a]} by
k=2
o0 1 m
= E{(k+1 Bk+ A+ (B—A — v
kz:; {(k+1)+8[Bk+ A+ ( )a]}<m;|ak, |>
1 m o0
= EZZk{(k + 1)+ B[Bk+ A+ (B — A)a]} |ag.|
v=1 k=2
< (B—A)B(1—a)(1-0), (23)
and the result follows. W
Theorem 5. Let
1 (B-—A)B(1l—-a)c
_ - 24
Lz =7 21 BB+A+(B—A)al (24)
and
1 B—A)B(1—a)c B—-A)B(1—a)(1—c k
fil(z) = S 2+(6[B+12X+((sz4)a]z - k{(k+(1)+5)[B(k+A)+((Bf)A)a]}Z (k>2). (25)
Then f(z) € A{(«, B, A, B) if and only if it can be expressed in the form
F(z) =D mefu(2), (26)
k=1
where p;, >0 (k> 1) and >y, = 1.
k=1
Proof. Suppose that
f2) = D mdul(z)
k=1
1 (0.9}
_ (B=4)B(1—a)c (B-A)B(1—a)(1—c) k
= L 2BBrARB-AalC k{(k+ 1)1 B BE+ A+(B— Ao} HEZ (27)

k=2
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Then it follows that

o0

k{(k+1)+B[Bk+A+(B—A)a]} (B—A)B(1—a)(1—c)
BB—A)(1-a)(1—0) K[kt 1)1 BBkt A+(B—A)a]} Mk
k=2
= Zﬂkzl_ﬂlgl' (28)
k=2

So, by Theorem 1, f(2) € Af(a, 3, A, B).
Conversely, assume that f(z) € Af(a, 5, A, B). Then

(B=A)B(1—a)(1—c)
x| < wEDamrArE-may (K= 2). (29)

Putting

_ k{(k+1)+B[Bk+A+(B—A)a]}
Ky, = (B-A)B(1—a)(l—0) |ak| (]{7 > 2)> (30)

and

py =1~ Zﬂka (31)
k=2

we see that f(z) can be expressed in the form (26). This completes the proof.
|

5 Radius of Convexity

Theorem 6. Let f(2) € Af(a, 5, A, B). Then f(z) is meromorphically convex
in |z| <r=r(a,f,A,B,c), where r(«, 5, A, B, ¢) is the largest value for which

3(B—A)B(1—a)e 2 | k(k+2)(B-A)B(1-a)(1—c) ki1
S ABIAT(B-Ma]| T R B AT B—Aa} | = L (32)

The result is sharp for

1 3(B—A)B(1—a) (B—A)B(1—a)(1—c) &

Proof. We must show that

(2f (2)) + 1'(2)

f’(z) < 1 fOT |Z| <r= T(OQB,A,B,C).

Note that

24 BB+ A+(B—A)a]
< = <1, (3
1 (B-A)B(1-a)c ],,,2 _ z k |ak| rk+1
k=2

W e 2AB-AP—0)e 12 4 S gk 4 1) gy bt
(£ () +7(2) M+ 1) laxd

f'(2)

T 24B[B+A+H(B-A)a



8 Mostafa et al.

for |z| < r if and only if

3(B-A)B(l—-a)e 5 < k+1
ST BB A+ (BoAya) T Dlad T <1 (35)

k=2

Since f(z) € Af(a, 5, A, B), from (11) we may take

_ (B-=A)B(1—a)
|kl = B AT (B—DaT Zﬂk <1 (36)
=2

For each fixed r, we choose the positive integer kg = ko(r) for which
k(k+2) k+1

DB AT (B—Aal is maximal. Then it follows that
k+1 ko(ko+2)(B—A)B(1—a)(1—c)  ko+1
D _k(k+2) a7 < S (37)
k=2

Hence f(z) is meromorphically convex in |z| < r(«, 5, A, B, ¢) provided that

3(B—A)B(1-a)e 2 ko(ko+2)(B—A)B(1—a)(1—c¢)  ko+1
S ABIA+(B—Aa| T ko{(()ko(jkl)+,3[Bko+A+(BfA)a]}T s L (38)

We find the value 7y = ro(«, 5, A, B, c) and the corresponding integer ko(ro)
so that

BB-A)B(1—a)e_,2 | ko(kot2)(B-A)B1—0)(1-¢) _ ko+1 _
1 BBIAL(B—A)a] 0 T Eol(kot D) +BBRotAL(B_A)a]} 0  — *
Then this value r( is the radius of meromorphically convex for f(z) € Af(a, 3, A, B).
|
We note that:
(1) Patting 5= B =1 and A = —1 in our results we obtain corresponding
results for the class Af(a),

(1) Patting @ = 0 and § = 1 in our results we obtain corresponding results
for the class A¢(A, B).

6 Open Problem

The authors suggest to study the properties of the subclass of the class Ay (a, 3, A, B)
when the first n coefficients are fixed.
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