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Abstract
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functions with complex order and obtain some coefficient bounds for functions
belonging to this class.
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1 Introduction

Let A be the class of analytic functions of the form:
f2)=2+> i (:€U={z:2€Cand |z <1}) (1)
k=2

and S be the subclass of A which are univalent. For two functions f(z) and
g(z), analytic in U, f(z) is subordinate to g(z) (f(2) < g(2)), if there exists a
function w(z), analytic in U with w(0) = 0 and |w(2)| < 1, f(2) = g(w(2)) and
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if g(z) is univalent in U, then (see for details [17] and [25]):

f(2) < g(z) <= f(0) = g(0) and f(U) C g(U).

Let o be the class of all analytic and univalent functions ¢ in U with

¢(0) =1, ¢(0) >0
In [24] for f € S, Ma and Mlnda defined the classes S*(¢) and C(¢)

satisfying L o ) < ¢(z) andl + Zf Z) =< ¢(z), respectively, which for ¢(z) =

w reduce to the classes S*( ) and C(«) ( the classes of starlike and
convex functions of order «, respectively (0 < a < 1)).

For a function f(z) € S, given by (1) and 0 < ¢ < 1, the Jackson’s
g—derivative is defined by [23] (also see [1], [7], [11], [15], [20], [33], [34], [36]

and [37]):

D,f(z) %,(ZEU,O<Q<LZ%O),
= 1+Z Lo (2)
D,f(0) = f'(0) and .
H, = =20 <q<1) Q

For f € A, Govindaraj and Sivasubramanian [21] defined and discussed the
Salagean g— difference operator by:

Dyf(z) = f(2)

Dyf(z) = 2Dyf(2)

Dyf(z) = =D (D"’lf( )

DIf(z) = z+z [Parz® (ne€Ng=NU{0},N={1,2,..},0<¢<1,2€U).

(4)

We note that

lim Dy f(z) = D"f(z —z—l—Zkakz (n € Ny, z € U), (5)

qg—1-

where D" f(z) is the Silagean operator [32] (see also [2], [3], [4], [5], [6], [8],
[10], [13], [14] and [22]).

Making use of the g—Saldgean operator Dy, we introduce a new class of
analytic functions as following:
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Definition 1. A function f(z) € S is said to be in the class M™(q, b, A, ¢),
if

(1-NDg " f(2)+AD; 2 f(2)
(1-N)Dg f(2)+ADg T f(2)

1 | _1] < (z) (be T =C\{0},0 < A < 1,n € Ny).

b

For suitable choices of n,b, ¢, A and ¢(z), we obtain subclasses:
(i) M"(q,1, % ¢) = PEG(A, ¢) (see [19]);
(i) limg—1- M"(q,b, X; ) = M3, (¢) (see [18]);
(i) lim,1- M™(q, 1, X; @) = My (¢) (see [30]);
(i) Tim,_,- M"(g,b,0;6) = H"(b, 6) (see [12]);
(V)limg1- M°(q, 1, A; ¢) = My(¢) (see [35));
(vi)lim,_,;- M™(q,b,0; 342) = HY(A, B) (see [16));
(
(
(
(

' 1+ Bz

vii)limg_,- M"(q,b,0; 22) = S™(b) (see [7]);

viii)lim,_1- M%(g, b, 0; 1) = S(b) (see [28], [29] and [9]);

vitii)limg - M*(q,b,0; T£2) = C(b) (see [26], [27] and [9]);

x)lim, - M°(q,b,0;¢) = S*(b,¢) and lim, ;- M*'(q,b,0;¢) = C(b, ¢)
(see [31]).

In order to prove our results, we need the following lemmas.

Lemma 1[24]. If p(z) = 1+ c12+ 222 + ... is a function with positive real

part in U and p is a complex number, then

|2 — pei| < 2max {1;|2u — 1]}
The result is sharp for the function

1+ 27 1+ 2
=1z andp(z)zl_z.

p(2)

Lemma 2 [24]. If p1(2) =14 ¢12 + c22* + ... is an analytic function with a
positive real part in U, then

v 2, ifw <0,
|02—vcf| < 2, if0<wv<1,
4o — 2, ifvo>1,

142

when v < 0 or v > 1, the equality holds if and only if p(z) is == or one of its

1422
1—22

rotations. If 0 < v < 1, then the equality holds if and only if p(z) is
one of its rotations. If v = 0, the equality holds if and only if

1+A\1+2 1—-XA\1—2z
_ <A<1
P(z) ( 2 )1—z+< 2 >1—|—z (O=A=1).

or one of its rotations. If v = 1, the equality holds if and only if

1 1+A\1+2 1—2A\1—-2
_ <A<1
p1(2) ( 2 )1—z+< 2 )1—1—2 O=<A=<1),

or
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or one of its rotations. Also the above upper bound is sharp, and it can be
improved as follows when 0 < v < 1:

2 2 1
}02—vcl|+v|cl| <2 0<v§§

and
| 2 2 1
e —vei| + (1 —v)|a* <2 §<v<1 :

2 Main Results

Unless otherwise mentioned, we assume throughout this paper that A > 0,b €
C*,n e Nyand z € U.

Using lemma 1, we have the following theorem:

Theorem 1. Let ¢(z) = 1 + Byz + Bo2? + ... with ¢(z) € p and B; # 0.
If f(z) € M™(q,b, A\, ¢), and p is a complex number, then

By |b]
(18] (1=A) (18] —1)+ABl5 T ([8]4—1)]

By _ 1a=0)BIE ([Blg—D+ABJG T (8] 1)] }
B + Bib(1 [(14\)[2]2‘([2]q*1)+>\[2}3+1([2]q*1)]2u)‘ ' (6)

lag — pa3| < max {1;

The result is sharp.
Proof. 1If f(z) € M"(q,b, \, ¢), then there is a Schwarz function w, analytic
in U with w(0) = 0 and |w(2)| < 1 such that

1 (A=NDg () +ADG 2 f(z) )_
L3 < (1=N\)D2 f(2)+AD; T f(2) 1) = o(w(2)). (7)

Define a function p;(z) by

pl(z):%zl—kclqucQz?—l-... . (8)

Since w(z) is a Schwarz function, we see that Re {p1(z)} > 0 and p,(0) = 1.
Define the function p(z) by:

L/ @-0Dy f() 40521 (2)
plz) =1+ ( (NDFf ) A f (=) 1) ©)

In view of (7), (8) and (9), we have
— — b (PG 4 _aztez’t..
(b(W(Z)) - p(Z) - ¢ (pl(z)—i-l) - (b (2+01z+0222+.‘. )
1 A3\ 2 A\ 3
= ¢{§[clz+<62—§)z +<03—6102+j)z +}}
= 1 + %clBlz + [%Bl <CQ — %) + iC%B2:| 22 + ... . (10)
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Now by substituting (10) in (7), we have

L a=nDp+ p() 42D 21 (2)
I+ ( A ND ) AD () 1)

02
= 1 + %clBlz + |:%Bl <CQ — %) + iC%BQ] 22 + ...
So, comparing the coefficients we obtain

B BlClb

(1= N[2]5([2]g — 1) + A2157 (2], — 1)] a2

or, equivalenty,

_ Bicib
@2 Sl N @le— DA (2l-1)] (11)
_ bB 111 _ B 2
% = A Ble ) B Bl ] {CZ -5 — B lb]cl}‘ (12)
Therefore,
_ 2 bB1 o 2
03 = 1102 = T N (Bl Bl (D] L2 T Yk (13)
where
2 (1=N) (3]~ 2 ([3]4-1)]
wll1_B_pp(1— (1813 (1=N)([8le—1)+ABJ ([ . 14
2 B ! [[2}3<17A>([21q71>+x[212“(mrnf“ (14)

Our result now follows by using Lemma 1. The result is sharp for the functions

14 1 <(17)\)Dg+1f(z)+)\Dg+2f(z) _ 1) — $(=2)

b \ (1=N)Drf(2)+ADg+ f(2)
and X
L (o )
L+ b ( (1=X\)Dp f(2)+ADg T f(2) 1) = ¢(2).
This completes the proof of Theorem 1. W
Remark 1.

(i) Putting b = 1 in Theorem 1, we get the result obtained by [ 19, Theorem
1];

(ii) When ¢ — 1~ in Theorem 1, we get the result obtained by [ 18, Theorem
1].
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3 Fekete-Szego inequalities for the function class
Mn<q7 b7 )\7 ¢)

Theorem 2. Let ¢(z) =1+ Biz + Byz? + ...(B; > 0,7 = 1,2). Also let

(1212 (1= M) (1214~ )+ A 215 (12),—-1)] " (6B 4+ B2~ By)

1= (Bl N (Bl DHAB (Bl D]pBE (15)
22D AR (2),-1)] (6B 4 Bo+ Br) (16)

72 = (B N (Bl DHAB (Bl D]pBE
(125 (-2 (21— DH+AR15 (20— 1) (0B7+B2) (17)

8T T BN (Ble— D+ABl T (Bl 1)]bB2
If f(z) € M"(¢,b, \; ), then

( B2|b| +
(87 (1= ([8lg— 1) +A[8]5 T ([3]4—1)]
bgB2( Bl a-N(8la— 1)+A[31"“<[31q71>]2 ) 1= o,
(217 A=M)([2)g—D)+A[205 T ([2]4—1)]

2 |b]
— naz| < [[31:;(1—A><[31q—1>‘+‘x[3]3“([31q—1>]
"Bl :
131z (=N ([Blq—1)+ABJ5 T ([3]g—1)]
b2B2 (1- (1312 (1=A) (131 —)+A[3I3 (131, —1)] ) pz 0.
\ (217 (12 (2]~ D+ A1 (21 -1)]

(18)
Further, if 03 < u < 09, then
(1217 - (21— D)+ A2 (2], 1)
105 = 193] + [ 30, ey e, o] Pt B2
L0088 )] 2500 Rl 1) X2 2l bBﬂ aal?
(1215 (L-N)([2l 1)+ 2215 (21— D) 2

6] B1
< .
- [[3} (1- )([3]q—1)+>\[3]"+1([3]q—1)] <19)

If 01 < p < os, then

(1212 (1N (21— D+ARJ (21— 1)
Bl (1N (Bla— DT ABJ;  ([Blg—1)][bl B2

|a3—,ua§|+ [ [B; — By

(1317 (1= N ([3)g — D)+ A3 ([3)g— )] [[212 (1= N (21— 1) +AR T (121 -1)]
(217 (1N (2]~ D+ A1 (21 -1)]

< ‘blBl . 2
= [Blra-NBla—D)+ABIF T (84— 1)] (20)

+

bB2| |as|?

The result is sharp.
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Proof. For f(z) € M™(q,b, A\, ®), p(2) given by (9) and p;(z) given by (8),
then as and ag are given as same as in Theorem 1. From (13) and (14), we

have:
(1) if u < o1, then v < 0. By applying Lemma 2 to (13), then

—uall < Bi|b| —4 9
a3 = nozl < Gy E L] X T2
< B2|b|
= [Blra=N(8la—D+AB T (84— 1)]

o> B}

1— 21
[ﬂgﬂfAXBth+ABE+%Bh41ﬂ[ (21)

i
(18] (1= N ((8]g—1)+A[8]5 1 ([3]4—1)]
(1217 (1=N)([2]g—D+AR13H (21 -1)]

Y

which is evidently inequality (18) of Theorem 2.
If p = o1, then v = 0, then equality holds if and only if

1 1 142 1 1 1-=2

+(5 357

_d 1 <~ <1).

(2) if o7 < p < 09, we note that

n n+1
Imxll_&_Bbl_U%mmmmHM(mm] <1,
{2 By ! Umxu—xxuh—n+xpw+%mh—1ﬂ2“ -

then applying Lemma 2 to equality (13), we have

o, b
a3 =zl < (e @D B )

which is evidently inequality (18) of Theorem 2. If o7 < u < o9 , then

1+ 22

(3) if 4 > 09, then v > 1. By applying Lemma 2 to (13), then
_ 2 < _B2|b|
a3 = pozl < B B ]

2 12 (1812 (1=2) (18— D) +A[3]5 1 ([3]4—1)]
b]°B; [ 1 — = AR
(1217 (=) (24— D) +A2]5 T (214 -1)]

which is evidently inequality (18) of Theorem 2 . If y = o9, then we have
v = 1 therefore equality holds if and only if

1 1 1 14z 1 1 1—=2
2 "2 575 0<~y<1 U).
pi(z) (2+27)1—2+(2 2V)1+Z (0<y<1,2€0)
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For the values 0; < u < 03 , we have

lag — paz| + (u — o1)lag|? (22)
|b| B1

2[ (3] (1= M) ([8]g— )+ ABIE (3], -1
(1202 (1-N) (20— D)+ A[205F (2]~ D] (bB2+ B2 — By) b[2B?

(812 (1= ([8]g— D+ ABJ5 FL([3],—1)]oB2 a2 (-0 (2l —1)+ARE T (2] -1)

lea = vel] + -

]|C1|2

1
_ |b| B1 - . 2
= [BEE Bl ) ARl (Bl D) {2“02 vl + vlel )}' (23)

Now by applying Lemma 2 to equality (13), we have

|b] B1
B3 (=2 ([8lg—1)+ABJ5 T ((3]g—1)]

las — paj| + (1 — o1)]as|* < [

which is evidently inequality (20) of Theorem 2.
Next for the values of 03 < p < 03, we have

|ag — pa3| + (09 — ) as|?
|b| B1
2[[8]7 (1= A) (8l —1)+ABl T (1814 —1)]

(207 -2 ([20g—1)+AR2J5 1 (121~ 1)] (6B +Ba+B1)
1Bl (=N ([8le—1)+AB)G T (18]4—1)]bB?

lcg —ved| +

b2 B2 2
B 2 o2 = 24
2 41203 (1-2)([2]—1)+A205 7 (2] -1)] ] ()

1
|b|Bl - o 2 o 2
(31 (LX) (Bl 1)+ AT T (8], 1)] {2 (lez = veil + (1 = v)le )}'

Now applying Lemma 2 to equality (13), we have

|b| By
B3 (1=2)([8lg—1)+ABJ T ((3]g—1)]

a2 — |+ (02 = ) < 1

which is inequality (19).
To show that the bounds are sharp, we define the functions x,, (n = 2,3,4, ...)
Fpand £z (0 <3 < 1), respectively, by

L 1@a-NDy+ x,, () +ADF X, (2) =
I+ [ (1= D X gm () HAADG T g (2) _1] =0 ("),

b

1 —i—l |:(1—/\)D;‘+1FB(Z)-i-)\D;“r?Fﬁ(z) _ 1] _ ¢ 2 (24 p)
b L A=X)D2F g(2)+AD; T F 5(z) 1+82 )7

Fs(0)=0=Fy(0)—1
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and

14 L [(1-N) DI e, (2)+ADE+2¢45(2) _ 1] —¢ (_Zl + Bz ) ’

b L A-NDges()+AD;TEs(2) (z + B)

£5(0)=0=¢5(0) — 1.

Clearly, the functions x,,,F s and {5 € M"(q,b,\,¢). If u < 01 or p > 03,
then the equality holds if and only if f(2) is x4, or one of its rotations. When
o1 < p < 03, the equality holds if and only if f(z) is x4, or one of its
rotations. If y = oy, then the equality holds if and only if f(z) is F 3, or one
of its rotations. If i = o5, then the equality holds if and only if f(z) is {4, or
one of its rotations. This completes the proof of Theorem 2. W

Remark 2.

(i) Putting b = 1 in Theorem 2, we get the result obtained by [19, Theorem
2];

(ii) When ¢ — 1~ in Theorem 2, we get the result obtained by [18, Theorem
2].

For different values of ¢,b,A,¢ in Theorems 1 and 2, we obtain results
corresponding to the classes mentioned in the introduction.

4 Open Problem

The authors suggest to study the class

1 ((1 — N REFLf(2) + AR f(2)

T USRI AR ()

- 1> < ¢(2),

where R f(z)(u > —1) is the g—analogue of Ruscheweyh differential oper-
ator .

Acknowledgment. The authors thank the referees for their valuable sug-
gestions which led to the improvement of the paper.
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