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Abstract

In the present paper, we find certain results on multiplier transfor-
mation. As particular cases to our main result, we derive certain results
for starlike and convex functions.
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1 Introduction

Let ‘H denote the class of functions f, analytic in the open unit disk E = {z €
C : |z| < 1} in the complex plane C. Let A,(m) be the subclass of H, consist
functions of the form

flz) =2+ Z apz®, forp, me N={1, 2, 3, ...},

k=p+m
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which are analytic and p—valent in the open unit disk E. A function f € A,(m)
is said to be p—valently starlike if and only if

R (i{;i’?) >0, z € E.

The class of such functions is denoted by Sy (m). A function f € A,(m) is said
to be p—valently convex in E, if and only if

21" (2)
§R<1+ 72 ) >0, z € E.
We denote by IC,(m), the class of all functions f € A,(m) that are p—valently
convex in E. Note that Sf(1) = S* and Ki(1) = K are the usual classes
of univalent starlike functions and univalent convex functions. Also note
that A;(1) = A. For f € A,(1)(= A,), define the multiplier transformation
I,(n, X), as:

L(n, \)f(z) =2+ Z (M> axz®, (A >0, n € Ny =NuU{0}),
k=p+1 p+A

The special case I1(n, 0) of the above defined operator is the well-known
Salagean [6] derivative operator D", defined for f € A as given below:

D'f(z) =2+ Z k" ay2".
k=2

Let f and g be two analytic functions in [E. Then we say f is subordinate to g
in E, denoted by f < g if there exist a Schwarz function w analytic in E with
w(0) =0 and |w(z)| < 1, z € E such that f(z) = g(w(z)), z € E. In case the
function g is univalent, the above subordination is equivalent to f(0) = ¢(0)
and f(E) C g(E).

The differential operator (1 — \) (f(z) > ) + /\zf’(z) (f(z) ) ) was studied by
2 b pf(z) \ 27
z

; , where a > 0, A > 0 are some
z

real numbers and f € A,. In 2014, Billing [1] studied a differential inequality
for f € A, involving multiplier transformation as:

‘ (H2) ﬁ R e s R

Liu [3] to make certain estimates on

<M(a7 /87 A? 57 p)7

2
where o, 8 and 0 are real numbers such that o > 15 0<éd<l1, >0
[a + B(p + A)][e(1 — 6) — 2]

and M, 0 < M = M(«, B, N\, 6, p) = a[l+B81=0)p+N)]

z € E.
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He obtained certain new criteria for starlikeness and convexity of normalized
analytic functions.

Recently, Darwish et al. [2] studied the class B,(m, «, A, p), for f € A,(m),
defined as:

\(1—» (M)HM (M)a—l‘ <p z€E,

2P pf(z) \ 2

where @ > 0, A > 0, 0 < u < 1. They obtained the conditions of starlikeness
for the members of class B,(m, «, A, u) and discussed starlikeness of certain
integral operators.

In the present paper, we study the following differential inequality

(M)ﬁ{l_mﬂ”“’ A)f(z)} i Ma Bz e E

2P L,(n, \)f(2)

where «, [ are real numbers such that 0 < a < 1, # > 0, to obtain certain
results for starlike and convex functions.

2 Preliminaries

We shall use the following lemmas to prove our main result.

Lemma 2.1. [4] Let h be a convex function in E (i.e. h is analytic and
univalent in E and h(E) is a convex domain), h(0) = 1 and let g(z) = 1 +
bp2™ + by 2"+ L be analytic in E. If

o) + =2 (2) = h(),
then

n

g(z) < S /)Z tnTh(t)dt,
0
where ¢ # 0 and R{c} > 0.
Lemma 2.2. [5] Let 0 < g < u < 1 and let g be analytic in E, satisfying
9(z) <1+ m(z), 9(0) =1,
(a) If p is analytic in E, p(0) = 1 and satisfies

92y + (1 =y)p(2)] < 1+ pz,
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where .
a 0<pu+m<l
- %%—l(lq ) (1)
- N My 2 2
ey o py <1< p+
2<1_M1) !

then R{p(z)} > 0, z € E.
(b) If w is analytic in E, with w(0) =0 and
9@+ w(2)] <1+ pz,
then it
1
()| < 22
231
The value of v given by (1) and the bounds (2) are best possible.

=r<1, p+2um <1 (2)

3 Main Results

Theorem 3.1. Let 3 be a real number such that 8 > 0. If f € A, satisfies
the differential inequality

(2 ootz -

M(a7 67 )\7 p)? zeE?
(3)

(a) where
a[B(p+A)+a] BB(p+N-1)2 _ 3B8(p+A)-1
v | Ao 0< < /28(p+ ) + CHORNE 200
- [B(p+N)+a]v2a—1 (38 p+/\) D2 3B(ptN-1 o
Ve2+208(p+ X)) (1+B8(p+N)) \/2/8 (p+A)+ 2 saxsl
(4)
then ; Ly
Iy(n, N)f(z)
L(n+1, Nf(z2) ‘
b — 1| <r, ze€E, where
O m NG
M|2
a[f(p+ M) (1 — M)+ o 3B(p+A) +a

then

- (Ip(n +1, N f(2)

1,(m, N/(2) ) 70 zek
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Proof. Let us define

o(z) = (1p<n, A)f(z))ﬁ 2L,

zP

then g(z) =1+ Z br2" is analytic in E.
k=1
On differentiating logarithmically, we obtain
2L (n, A)f(2) = z2g'(z)
Iy(n, A)f(2) By(2)

In view of the equality

2ly(n, A f(2) = (p+ MN(n+ 1, A)f(2) = Mp(n, A)f(2),

(6) reduces to

Lint1, Vf(z) . 20(2)
L(n, \)f(z) Blp+N)g(2)

Therefore, in view of (3), we have

«

B(p+A)

with h(z) =1+ Mz, from Lemma 2.1, we have

Blp+ M
Blp+A)+a

since (3) is equivalent to

n z A n z
(&Ligﬁl)[“‘“*“1‘“‘“”%i$fbﬁg) < 1+Mz 2 €E.
(8)

Ln, Vf(2)Y" L(n+1, Nf(2)

B L — = d =
(B wte) = 2l s
(1 — «), where a, M, M; and g(z) satisfy the relation (4) and (7), thus
conditions in Lemma 2.2(a) are satisfied.

Hence
Rw(z) >0, z € E, i.e. 3?( ([n(;lx);)(ég ))>0.

g(z) + 2g'(2) < 1+ Mz,

Blp+ M

g(z)<1+ m

=14+Mz 0< M, = <M <1, (7)

Substituting g(z) =
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(b) Writing (3) as given below:

(—Ip(”’ ;p)f (2))5 [1 +a (IPSZ(; 1&)?”)(‘2 gz) - 1)] <1+ Mz (9)

L(n, A g I A
Substituting g(z) = (W) ,w(z) =« ( p([::(; 1;\)f)(];§z) - 1) , M
and M; as mentioned above. Using Lemma 2.2 (b), we have
Ln+1, \)f(2)
Lp(n, A)f(2)

where 7 is given by (5). O

—1‘<7’,

For p = 1 and A = 0 in Theorem 3.1, we get the following result involving
Salagean operator:

Theorem 3.2. Let B be a real number such that > 0. If f € A satisfies

D f(2)\" D™ f(2)
(a) where
a(B+ a) \/ (36—-1)? 38-1
v ) BE—a) o O<asy2i+ =75
(B+a)v2a—1 \/6 35—1) 3-1_
2 sas
Va2 + 2a6( 1+ﬁ 2
then D)
z
%(W) >0, z€E.
(b) If‘DDnZ;f 1’ <r, z€E, where
M2 + a] B+«
a[B(1 — M)+ a]’ 0<M_3ﬁ+a
then D ()
z
?R(W) > 0, z e E.

Setting n = A = 0 in Theorem 3.1, we obtain the following result of Darwish
et al. [2]:
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Corollary 3.3. Let B be a real number such that 5 > 0 and let f € A,
satisfy the differential inequality

N 2@ ()Y
1= (5) +alzF () -1 <
(a) where
a(pB + ) \/ (3p3—1)* 3pB—1
Vo) e +a’ o= it =
(pB+ a)v2a —1 \/2p6+(3pﬁ—1)2_3pﬁ—1<a<1
Va? +2paf(1+ppB)’ 4 2 T
then

R (ZJ{C;S)) >0, z€E.

Hence f € S,

(b) If ;];l((j)) —1‘ <r, z€RE, where
 M@28p+ ) pB+ «
"= alpBf(l = M) +al’ 0<M< 3pB+a’
then )
%(ZJ{(S)) >0, zeE,
ie. f€S,.

On taking a = 1 in above theorem, from part(a), we get the result of Yang
[7] -

Corollary 3.4. If f € A, satisfies

(a)
() (f(z))ﬁ | e
pf(z) \ 2 V1+2p8(pB+1)
then f is p—valently starlike.
2f'(2) M[28p + 1] Bp+1
(b) If 8 — ‘ 5p(1—M)+1’Z€E’ where O<M§3ﬁp+1’

then f € S,.
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Taking 8 = 1 in Corollary 3.3, we obtain:

Corollary 3.5. Let « be real number such that 0 < o <1 and let f € A,
satisfy the inequality

'(1—a)f£§)+ g;)l 1‘<M,
(a) where
# 0<a<\/2p+(3p;1)2_3p2—1
M= (p+ a)v2a —1 \/ 3p—1 3p_1<a<1
Va2 +2pa(l+p) 2 T
then )
%(ZJ{(S)) >0, zeE,
ie. fE€S,.
2f'(z) M2p + a p+a
(b) If f(2) ‘<a[p(1—M)—|—a]’ cE, whereO<M§3p+a
R() g e
f(z) ’ ’
ie. f€S,.

Selecting n = 1, A = 0 in Theorem 3.1, we obtain the following result:

Corollary 3.6. Let 3 be a real number such that 8 > 0. If f € A, satisfies
the differential inequality

1o (52 5 (1 3) (F2) - <
(a) where
M= pﬁo(éépf ;_)Oﬁ o’ 0<a< \/gpﬁ n (3pﬁ4— 1) 3p52_ 1

(P8 +0)v2a —1 \/ﬁ+ Bps—1?° sp8—-1_
Va2 +2paB(1+pB)’ 4 2 T

r (1 + ZJ{iI;(Zj)) >0, z€E,

then

re. feK,.
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o 0 (o F) < i e

f(z) — M) + o]
where
Bp + «
0<M<
~ 3Bp+a’
then f € KC,.

Taking 5 = 1 in the above corollary, we have:

Corollary 3.7. If f € A, satisfies

(1-a) f'(2) +% (1 N Zf”(Z)) f'(z) _ 1‘ - M

par! f'(z) ) pap~!
(a) where
a(p+a) \/ Bp—172 3p-—-1
_ ST <4/2 _
o+ (= pa’ 0<a D+ 1 5
(p+ a)y2a — 1 \/ 3p—1 3p—1§&§1
Va2 + 2paf (1+p) 2
then
Zf”(Z))
R(I1+ >0, z€E,
( f'(z)
i.e. fek,.
e >> ‘ MPp+al
b) I 1| < , 2 €k,
ol (1455 (1= M) +d]
where
0<M< 2T
3p+a’
then f € KC,.

Taking p = 1 in Corollary 3.3, we get;

Corollary 3.8. Let 8 be a real number such that 5 > 0 and let f € A

satisfies
o () (Y -

< M,
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(a) where
Toara | 0<es e B
M= (B+ a)v2a —1 \/26+(3ﬁ—1)2_35—1<a<1
Vo +2a8(1+ ) 4 2 T~
then 72)
2f'(z
8‘3( ) ) >0, z€E.
Hence f € §*
2f'(2)
(b) If 8 —1‘ <r, z€E, where
 M(28+a) B+«
"Tapa-nva M =
then (2)
2f(z
5)’1‘,( e ) >0, z€E,
ve. feS”.

For p =1 in Corollary 3.6, we have:

Corollary 3.9. Let 8 be a real number such that 5 > 0. If f € A satisfies
the inequality

, zf"(2)
(f'(2))° {l—l—a ) } —1‘ <M,
(a) where
a(B+ a) \/ (36—-1)* 38-1
M= B<2_a)+\/;7 1 O<O‘§325; § 1_ i
\/(5210;)6(?; -~ \/25+( 6; 2 62— <1
o «a [
then .,
%(1+ZJ£((ZZ))) >0, z€E,
i.e. feK.
v f"(2) M(28 + ) 5
2f"(z + « +«
7 | S aBa—in+a <M =55
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then

Zf”(Z)) .
é)%(lJr 7o) >0, z€E,

e fek.
Putting A = p =1 and n = 0 in Theorem 3.1, we get:

Corollary 3.10. Let 5 be a real number such that 5 > 0 and let f € A
satisfy

() srr
where
(a) where
M= Qﬁoéézfz)oﬁa’ 0<&§\/45+(65;1)2_6ﬁ2—1
\zfijo)ém) \/4ﬁ+ (65; D 662—1 e
then
R (1 + z}”;S)> -
v Z]{(,(;)‘ <r, z € E, where
r= 04[22(41[{6;\;;1104]’ 0<M< zg%’
then

R (1+ ZJ{é?) >0, z € E.

4 Open Problem

In the present paper, the parameter a varies from zero to one. The results are
still open for the rest range of real number a.
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