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Abstract

In the present paper, we obtain certain results on mero-
morphic starlike functions using the technique of differential
subordination.
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1 Introduction

Let 3, denote the class of functions of the form
1
f@)=—=+3 a7 (peN=1{1,2,3,..1),

which are analytic and p-valent in the punctured unit disc Eg = E\ {0}, where
E = {z € C:|z] <1}. A function f € X, is said to be meromorphic p-valent
starlike of order av if f(z) # 0 for z € Ey and

_3%% (Zj{;i;)) > a, (< 1;z € E).

The class of all such meromorphic p-valent starlike functions is denoted by

MSE5(a).
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A function f € 3, is called meromorphic p-valent convex of order v if f/(2) # 0
and

1 2f"(z
—3?]; (1—|— J{/(i))>>a, (< 1;z € E).
The class of all meromorphic p-valent convex functions defined above is denoted
by MK, (a) .

The class %5(v) consists of functions f € %, with f(z)f'(2) # 0 satisfying

2f'(2) 2f"(2)
f(2) f'(2)

where v is real number and v < 1.

The function f € X7() is called a meromorphic p-valent a—convex functions
of order 7.

Let ¥ =3, MS*(a) = MS* (), MK(a) = MK;(a) and X%(y) = X§(7).
For two functions f and ¢ analytic in E, we say that the function f(z) is
subordinate to g(z) in E, and write f(z) < g(z), (¢ € E), if there exists a
Schwarz function w(z), analytic in E with w(0) = 0 and |w(z)| < 1, (z € E),
such that f(z) = g(w(z)), (z € E).

In particular, if the function ¢ is univalent in E, the above subordination is
equivalent to f(0) = ¢g(0) and f(E) C g(E).

In the literature of meromorphic functions, there exist certain results involving
the above classes. We state below some of them.

Recently Cho and Owa [2] proved the following results.

_pl {(1 —a)

+a(1+
p

)} >, (2 €E),

Theorem 1.1. If f(z) € ¥ satisfies f(z)f'(z) # in Ey and

@)
" [ ORNEE

1<2(2—a)—6, (z € E),

then

e [T 1 )
%{ fe(z) }>1+2(2—a)_2/3’( € E),

where « <2 and 2(2 —a) —1]/2< [ <2 —a.
Nunokawa and Ahuja [1] proved the following result.

Theorem 1.2. Let o < 0 and v > 0. If

200 — 202 + Yo
Z*
rex (BRsy).

then f € MS™*(«)

Ravichandaran et al. [5] proved the following results.
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Theorem 1.3. Let q(z) be univalent and q(z) # 0 in E and

. 24(2)
i

& G /

(ii) R {1—1— =) ) q(z)] >0 forze E, v#0.

¢(z)  alz) v
If f(2) € ¥ and

= (14 Y] 2O

18 starlike univalent in E, and

then
_z2f'(®)
f(2)

< q(2)
and q(z) is the best dominant.

Theorem 1.4. Let a <0, v #0. If f(z) € ¥ and

2f'(2) F(\] 1420 =7+ (@ — Dz + (1 - 20)222
— 11— 1

(1=7) f(2) * < * 1'(2) B 1 —2az — (1 —2a)22 ’

/
then —%Zf (2) > o
f(2)
Roshian and Ravichandaran [3] proved the following results.
. . 2q'(2) .

Theorem 1.5. Let q(z) be univalent in E and W be starlike in E. If

f €3, satisfies
/ " /
S A g 2

“Te TG q(z)

then (1) 2)
ZitU=ep 1
- pfa(Z) < Q(Z)7

and q(z) 1is the best dominant.

Theorem 1.6. Let —1 < B < A< 1. If f € ¥ satisfies

) e, (A-B)
f(2) f'(z) (1+ Az)(1+ Bz)’

then
FP) | (L A2)
f(z) (14 Bz)
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2 Preliminaries

We shall use the following lemma of Miller and Mocanu [4] to prove our result.

Lemma 2.1. Let q be univalent in E and let 6 and ¢ be analytic in a
domain D containing q(E), with ¢(w) # 0, when w € q(E). Set Q(z) =
2q' (2)plq(2)], h(z) = 0lq(2)] + Q1(2) and suppose that either
(i) h is convezx, or
(ii) Q1 is starlike.

In addition, assume that

/
(7ii) R (;/z((;)) >0 for all z in E.
If p is analytic in E, with p(0) = ¢q(0), p(E) C D and

0[p(2)] + 2p'(2)9lp(2)] < Olq(2)] + 2¢'(2)¢lq(2)], 2z € E,

then p(z) < q(z) and q is the best dominant.

3 Main Theorem

Theorem 3.1. Let a be a non-zero complex number. Let q, q(z) # 0, be a
univalent function in E satisfying therein the condition

R+ ZZ;S) - 2,2(5’2(),2)} > max {O, —%%} (1)

If P, P(z) # 0 in E, satisfies the differential subordination

2P )
ERRIE R SR PTE)E @

then P(z) < q(z) and q is the best dominant.

1+

Proof. Let us define the functions 6 and ¢ as follows:

vy a
O(w)=1+ — d =——

w=1+2 and ow)= -2,
Clearly, the functions 0 and ¢ are analytic in domain D = C\ {0} and ¢(w) # 0
in D. Now, define the function h as follows:

B v R
) =10 T GG)y )

Differentiate (3) and simplifying a little, we get
h/ /
HE) g, Q)

Q1(2) o Q1(2)
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where Q1(z) = —a(zz ()Z>2 In view of condition (1), () is starlike in E and
q(z
h/
%(Z (2)) >0, z€E.
@1(2)
Thus conditions (ii) and (iii) of lemma 2.1 are satisfied. Hence P(z) < ¢(2).
This completes the proof of our theorem. O

Remark 3.1. If R T 0, then the condition (1) of Theorem 3.1 can be stated
«

v '(2) 2 (2)
R ) 7o

Letting v = 0 in Theorem 3.1, we obtain the following result.

Theorem 3.2. Let q, q(z) # 0 in E, be a univalent function satisfying the
condition B )
é)%(qu ) —2zq(z)> >0, z€E.

q'(2) q(2)
If an analytic function P, P(z) # 0 in E, satisfies the differential subordination

2P'(2) <1 2q'(2)

-« -« , 2z € E,
(P(2)) (¢(2))?
then P(z) < q(z) in E and q is the best dominant.
_2f'(2)

By selecting P(z) =

in Theorem 3.1, we obtain the following result.

f(2)

Theorem 3.3. Let a(# 0) and v be complex numbers. Let q, q(z) # 0, z €
E, be a univalent function satisfying the condition (1) of Theorem 3.1. If a

/
Z}f((j) £ 0, satisfies the differential subordina-
z

meromorphic function f € 3, —
tion

(1= )zf"(2)/f(2) + a(l + 2f"(2)/ ['(2)) =
2f'(2)/ f(2) (=) (q(2))*

/
then —ZJ{(E';) < q(z) in E and q is the best dominant.
3.1 Applications to Univalent Functions
: 1+ Az : .
By selecting ¢(z) = T B and 7 = 0 in Theorem 3.3, we get the following
z

criterion for starlikeness.
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Corollary 3.4. Let A and B be real numbers with —1 < B < A < 1. If

!/

a meromorphic function f € X, _Z}f((j) # 0, z € E, satisfies the differential
z

subordination

(1= a)zf'(2)/f(z) + ol +2f"(2)/ f'(2)) | _ (A= D)z
2f'(2)/f(2) (14 Az)*’
! 1+ A
where o is non-zero complexr number, then —Zf (2) A e K.

f(2) = 11+ B2~

B 1+ Az
1+ Bz

Taking ¢(z) and a = 1 in Theorem 3.3, we obtain

Corollary 3.5. Let v be a complex number with & v > 0 and A and B be
real numbers satisfying —1 < B < A < 1. If f € ¥ satisfies the differential
subordination

L—v+z2f"(2)/f'(2) 1+ Bz _(A—B)z
z2f"(2)/ f(2) <1+ (1+Az> (1+ Az)?

z2f'(z) 1+ Az .
) < 1+ B> in E.

m E, then —

Taking A=1—-2a,B=—-1,0 < a < 1 in Corollary 3.5, we get the following
result.

Corollary 3.6. Let v, R v > 0 be a complex number. If f € X satisfies the
differential subordination

Lt )T e a0
2f(2)/f(2) 1+(1-2a)z  [1+ (1 —2a)z?

in E, then f € MS*(«a).

Writing A = 0 in Corollary 3.5, we obtain the following result:

Corollary 3.7. Let f € X satisfy

1—y+2f"(2)/f'(2)
2f"(2)/f(2)

2f'(2) I
f(2) = 1+ Bz i .

—(1+v)|<@+9)B|, z€E, y>0, —1<B<0,

then —

The selection of B = 0 in Corollary 3.5, gives us the following:
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Corollary 3.8. Let f € ¥ satisfy

L=+ 2f"(2)/f(2) § "
1 - E > A< 1
T St Tra Gragp P€B 20 0<4st,
2f'(z)
then 1+ <A,Z€E.
f(z)
20 o |
Remark 3.2. If we take q(z) = E,O < B < 1, it is easy to verify that

it satisfies the condition (1). In addition, setting o = 1 in Theorem 3.3, we
obtain the following result.

Corollary 3.9. For 0 < 8 <1 and v > —1, if f € ¥ satisfies
1=y +2f"(2)/f(2) (Hl)‘ 149

2f'(2)/f(2) 2 23

then f 1s meromorphic starlike of order [3.

, 2 € E,

Writing v = 1 in Corollary 3.5, we obtain the following result:
Corollary 3.10. If f € ¥ satisfies the differential subordination

" (2)f(z) 1+ Bz (A—-DB)z
) ST A T (e TR s BeAst
2f'(z) 14+ Az |

) 1+ B> in [E.

In particular, for v = 1 in Corollary 3.7 , we obtain the following result:

Corollary 3.11. Let f € ¥ satisfy

then —

"
FEIE) o op) ek —1<B<0,
f2(2)
2f'(2) 1
then — < E.
o f(z) 1+ B2~ <
: 1-0 : :
Taking B = 5 2 < B < 11in above corollary, we get the following result.

Corollary 3.12. Let f € ¥ with f(2)f'(z) # 0 for 0 < |z| <1 and let 5 be
1
a constant such that 3 <pg<1l.1If

%_2‘<2<%>, 2 €E,

f(2) 8
) " B-0-p)e

then f € MS*(B) and —

, z € E.
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Replacing B = —1 in Corollary 3.11, we get the following result:
Corollary 3.13. If f € X satisfies,

f"(2)f (%)

72(2) <2(1+2), z€E,

then f € MS*(3) .

3.2 Applications to Multivalent Functions

. 1 2f"(z) Zf’(2)>
In Theorem 3.2, if we take P(2) = ———— [ 1 + + k where
)=~ (e
f € ¥, , we obtain the following theorem:
. 1 2f"(z) |, 2'(2)
Theorem 3.14. If a function f € 3,, P(z (1 + +k #
P POy U e T e
0 in E with k+1 > 0, satisfies the differential subordination
142G +kd )
st e m— ><_(j]q(z<;)>2,z€E,
<1+fu> kﬂd)
e ! e L 2
2f"(z z2f'(z
—— 1+ +k ) < q(z),
e (1 05 ) <o
and q is the best dominant.

te in Theorem 3.14, we get:
—z

Setting ¢(z) =

. 1 2f"(z) 2/ (2)
Corollary 3.15. If a function f € ¥, ————— (1 + +k #
Toplk+1) f'(z) f(z)
0, z€ E, k+1>0, satisfies the differential subordination

(1 + Zf” + k z ) 2z
T RS L

p(k+1) , 2 €E,
ORI (1+2)?
<1+f%)+kﬂ@>
or equivalently
ww> zma’
R - 2 = 1'1\2),

then

e ), PO Les
p%+D(L%ﬁ@)+kﬂd)< 2 2CE @)
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Remark 3.3. We observe that the condition (4) is equivalent to

B 2f"(2) 2f@6
§R<1+ 72 +kf(z) >0, z€eE, k+1>0,

which, in turn,implies that f € MS;(k), a well known class of meromorphic
multivalent functions showed that the functions in this class are p-valent mero-
morphic convex for —1 < k < 0 and p-valent meromorphic starlike for k > 0.

Remark 3.4. [t can easily be seen that the function Fy (given by Corollary
3.15) is a conformal mapping of the unit disc E with F(0) =1 and

1
g N e — < & = .
F(E)=C\{weC:1 TR < R(w) < oo, F(w) =0}
L 1zf'(2) 1+ Az |
On writting P(z) = o) feX,and q(z) = B Theorem 3.2,

we get the following result.

Theorem 3.16. Let A and B be real numbers satisfying —1 < B < A <

1 /
1. If a function f € ¥,, — —Z;((j) # 0, z € E, satisfies the differential
p f(z
subordination .
1+ 5575 B—A
7 L4 )z’ZeE
Z]J:((;) p(1+ Az)?

Lzf'(z) 1+ Az
then ]_?f(z) <1+Bz'

Selecting A = 0 and B = —1 in Theorem 3.16, we get the following result.

1 /
Corollary 3.17. If a function f € ¥,, — —Z;((j) # 0, z € E, satisfies the
p f(z
iequality
zf"(2)
ORI
zf'(2) p’
f(2)
then

(49)4

By taking A =1 and B = 0 in Theorem 3.16, we obtain the following result.

1 /
Corollary 3.18. If a function f € X,, — —ZJ{((';) # 0, z € E, satisfies the
p f(z
differential subordination
14 2@ 1
SO R A — Y
7 P+ 2p

f(2)
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then

12f'(2)
p f(2)
It can be observed that function Fy is a conformal mapping of the unit disc E
with F5(0) =1 and

< 1.

+1

FQ(E):C\{/LUGC:]._%])S%(U])<OO7 S(w) = 0}.

When we take A = 1 and B = —1 in Theorem 3.16, we get the following result.

1 /
Corollary 3.19. If a function f € ¥X,, — —Zj:((';) # 0, z € E, satisfies the
p f(z
differential subordination
1 + Zf,”(Z) 1 2
SO R . A N
o ey

then f € MS; i.e. fis a p-valent meromorphic starlike function.

Remark 3.5. [t is easy to verify that function F3 is a conformal mapping of
the unit disc E with F5(0) =1 and

Fg(]E)ZC\{wecm_Qipg%(w)@o, S(w) = 0}

1
If we take q(z) =p (1 e

> and o = 1 in Theorem 3.2, we obtain:
-z

Corollary 3.20. Let P be an analytic function in E with P(0) = p. Suppose

P satisfies the differential subordination

/
2P'(2) “1— 2z
(P(2))? p(l+2)?

then —R(P(z)) >0, z € E.

= Fy(2),

Remark 3.6. We observe that Fy is a conformal mapping of the unit disc E
with Fy(0) =1 and

Fu(E) = C\ {we C: —le < R(w) < o0, S(w) = 0}.

4 Open Problem

In the present paper, we have obtained the results on meromorphic starlike
functions in terms of differential subordination. One may explore the corre-
sponding results in terms of superordination.



40

Kuldeep Kaur Shergill and Sukhwinder Singh Billing

References

1]

2]

M. Nunokawa and O. P. Ahuja, On meromorphic starlike and convex
functions, Indian J. Pure Appl. Math., 32 (2001), no. 7, 1027-1032.

N.E. Cho and S.Owa, Sufficient conditions for meromorphic starlikeness
and close-to-convexity of order «, International J. Math. Math. Sci.,
26(2001), 566-581.

Roshian M. Ali and V. Ravichandran, Differential Subordination for
meromorphic functions defined by a Linear Operator, Journal of Analysis
and Applications, 2(2004), no.3, 149-158.

S. S. Miller and P. T. Mocanu , Differential Subordinations: Theory and
Applications, Series on Monographs and Textbooks in Pure and Applied
Mathematics (No. 225), Marcel Dakker, New York and Basel, 2000.

V. Ravichandaran, S.Sivaprasad Kumar and Maslina Darus, On a sub-
ordination theorem for a class of meromorphic functions, J. Inequalities
in Pure and Applied Mathematics, 5(1) Art. 8, 2004.



