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Abstract

In the present paper, a new class V,(\, 5, A, B) of analytic func-
tions with varying arguments in the open unit disk A .= {z € C :
|z| < 1} is tntroduced. The class is defined by the convolution of
g-analogue of the well-known Salagean and Ruscheweyh differen-
tial operator. We derive coefficient estimates, distortion theorem
and extreme points for the function belongs to the above mentioned
class.
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1 Introduction and Motivation

Let N and C be denote the set of natural numbers and complex numbers
respectively. In view of Riemann mapping theorem, the unit disk A := {z €
C : |z] < 1} can be taken as a standard domain in the theory of analytic
function theory. Let H(A) be represent the set of all analytic (or holomorphic)
functions in A. The class of functions f € H(A) with normalization condition
f(0) = f/(0) =1 = 0 be denoted by A. Thus, the function f € A have the
following Taylor-Maclaurin series representation:

fz) =2+ a?® (z€A). (1)

We denote S, the class of all functions f € A which are univalent in A.

The quantum calculus, so called g-calculus (g-analysis) is the usual calculus
without using the notion of limit. It provides important tools that has been
used in order to investigate several subclasses of A. It has attracted the at-
tention of various researchers due to its numerous applications in mathematics
and physics. Researchers all over the globe have applied it to construct and in-
vestigated several classes of analytic and bi-univalent functions. It was Jackson
(see [6, 7]) who first developed ¢ integral and ¢ derivative in a systematic way
and later geometrical interpretation of g-analysis has been recognized through
studies on quantum groups. The g-analogue of differential operators in some
subclasses of analytic functions in compact disk have been introduced by vari-
ous authors (see [1, 8, 9]). These g-operators are defined by using convolution
of normalized analytic functions and g-hypergeometric functions.

Here we mention some notations and concept of ¢g-calculus that is used in this
paper. The notations and terminology can be found in [3, 4, 5]. We recall the
definition of fractional g-calculus operator of a complex-valued function f(z).
Definition 1: For 0 < ¢ < 1, define the g-number [a], by
{1?2 (a € C) @

al, =
[]q Zgz—olq:1+q+q2+...+qn—l (OZZTLEN).

Note that as ¢ — 17, [n], — n.
Definition 2: For 0 < ¢ < 1, define the ¢-factorial [n],! by

)1 (n=0)
e {H::Mq nem) @

Definition 3 (see [5, 6]) : The ¢-derivative D,f of a function f is defined in
a given subset of C by

(Dgf)(2) =

{f(?:—gffz) (=#0) @)

/'(0) (=0
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provided that f’(0) exists.
It follows from (4) that

f(2) = flg2)
(1-q)z

for a function f which is differentiable in a given subset of C. Thus for a
function f(z) of the form (1), we have

= f'(2)

limg—1-Dyf(2) = limg_;-

z2) =1+ Z[k]qakzkfl. (5)

Making use of g-operator, we generalize Salagean and Ruscheweyh differential
operators as follows:

Definition 4: For f € A, A € Ny := NU {0}, the g-analogue of Salagean
differential operator 3(’1\ : A — A is defined by

Jaf(2) = 3,37 f(2)) = 2(Dg3y " f(2))-
Thus, for a function f(z) of the form (1), we have

—z—l—z kjarz" (2 € A). (6)
Definition 5 (see [1]): Let f € A. Denote by R}, the g-analogue of Ruscheweyh

differential operator defined by

A S R ITL
Ryf(z) =2+ 2 makz ; (7)

where [],! is defined as (3). It may be noted that when ¢ — 1~ we have

SN )R N

limg 1Ry (2) = 2 - limg—1- 3 Sy
k=2 (e T
- 1
z+Z bRt =me,

where R* is Ruscheweyh differential operator which was defined in [13] and
has been studied by various researchers (for details, see [10, 12, 14]).
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Definition 6: For f € A given by (1), we define a linear operator SRq’\ :
A — A define by the Hadamard product (or convolution) of g-analogue of
Salagean operator 32 and Ruscheweyh operator Rg as:

IR (2) = (B2 xRN f(2)
=2+ %[k;];‘aizk (z € A). 9)

Motivated from the work studied in [2, 11], we now introduce a new subclass
of A by using the operator 37'\’,(1’\ as follows:

Definition 7: A function f € A given by (1) is in the class 7,(\, 8, A, B) (0 <
g<1, AeNy,>0,-1<A<B<1, 0< B<1)if it satisfies the following
subordination condition:

IR, (2)

(-9 4 R p(e)y < 12

1+ Bz

Silverman (see [15]) introduced and studied the univalent function with
varying arguments of coefficients as follows:
Definition 8: (see [15]) A function f(z) of the form (1) is in the class V() if
f(z) € S (the class of analytic and univalent function in A) and arg(ax) = 0y
for all k& (k > 2). Further, if there exists a real number 7 such that

(z € A). (10)

O, + (k — 1)n = w(mod 27), (11)

then f(z) is said to be in the class V(6x,n). The union of V(0y,n) taken over
all possible sequence {6;} and all possible real numbers 7 is denoted by V.

Let V, (A, B, A, B) denote the subclass of V consisting of functions f(z) €
T,(\, 8, A, B).

In this paper, the authors obtain coefficient estimates, distortion theorem and
extreme point for the function f € A belongs to the class V, (), 5, A, B).

2 Coefficient Estimates

Unless otherwise stated, we assume throughout the sequel that —1 < A <
B<1,0<B<1, )\ €Ny, 0<qg<l1; z€A.

The sufficient condition for a function f(z) of the form (1) to be in the class
T,(X\, B, A, B) is given by the following theorem.

Theorem 1: Let the function f(z) be of the form (1). If

> (L4 B(k = D)1+ B) D Jax]* < (B — A) (12)
k=2
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[k [k +2—1]g!

then f(z2) € 7,(A, B, A, B) where Dy, =~ =

Proof:

A function f(z) of the form (1) belongs to the class 7,(\, 8, A, B) if and only
if there exists an analytic function w(z), satisfying the condition of Schwarz
lemma such that

1+ Aw(z)

IR, f(2)
z 14 Bw(z)

(1-5) + B[R f(2)) =

Or equivalently,

(1 - p) Ll +5<\;ka< ) —1

50— 9T | parar Y] - 4| -
Thus, it is sufficient to show that
-9 sararey - 1|-[pa -5 LS L sararey) - 4| <o
Letting |2| = (0 <7 < 1), we have
(- 5)% R —1| - B0 - 5T sy - 4
i 1)]Dp a2 = |(B—A)+ B iu + B(k — 1)) Dy ap 2"
f: )]0 a2 (B—A)+B§:[1+6(k— 1)]D) g 2!
i (14 B)D} Jax]? — (B — A).

k=2

In view of (12), the last inequality is less than zero. Hence f(z) € T,(X, 8, A, B).
This completes the proof of Theorem 2.

Theorem 2: Let the function f(z) € A be of the form (1). Then f(z) €
Vy(\, B, A, B) if and only if

Y L+ Bk =D)L+ B)Dy Jaxf* < (B — A). (14)

Proof. In view of Theorem 1, we need only to show that function f(z) €
V,(X, B, A, B) satisfies the coefficient inequalities (14). Let f(z) € V,(\, 5, A, B).
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Then from (1) and (13), we have

Yool + Bk — 1)| D} a3 24!
(B —A)+ > 2, B[l + (k — 1)|Dp jaz2+1

<1. (15)

Since f(z) € V, f(#) lies in the class V(6x,n) for some sequence {6;} and real
number 7 such that 0, + (k — 1)n = w(mod2r) for all k > 2.
Set z =re in (15), we have

S, + Bk — 1) D} |y [2ei Ot =Dkt
(B = A) + BYR[1+ Ak — 1D} Jag e (=myk=

<1,

which implies

— 2l + Bk — DIDR ax[*r*
(B—A) = BY 52, [L+ Bk — 1)]D} Ja>rF=1

< 1.

Since R(w(z)) < |w(z)| < 1 implies

Sl + Ak = DIDYJaPr )
(B—A) =Bl + Bk - 1)]D7€\7q|ak|2rk—1

R (16)

It has been observed that the denominator of the left hand side of (16) cannot
vanish for [0,1). Furthermore, it is positive for » = 0 and therefore for r €
[0,1). Thus, we have

> 1+ B(k = D)1+ B)Dy Jaxr*" < (B — A)
k=2

which, upon letting » — 17 gives the require assertion of Theorem 2. The
proof of Theorem 2 is thus completed.

Corollary 3: Let the function f(z) € A defined by (1) be in the class
V,(\, B, A, B). Then

(B —A4)
lax] < \/[1 A+ Boy, "

The result is sharp for the function

B (B—A)
J(z) =2+ J [1+B8(k— 1]+ B)D},

'Ok ok (k >2).
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3 Distortion Theorem

Theorem 4: Let the function f(z) defined by (1) be in the class V, (A, 8, A, B).
Then

(B — A) ) (B—A4) 2
|d—¢u+ﬂﬂr+mD%V|SV@HSV“\A1+@O+BH%Jd(N)

The result is sharp.

Proof: Corollary 3 and elementary inequality
(1+P8)Dy, < [L+B(k =)Dy, (k2>2)

yield

S (B—4)
ZJWSV%+mu+mD%‘ (18)
Thus,

(0.9}
@) =12+ arzt]
k=2
oo
< Jol + ) fall=f*
k=2
o0
<2l + 12 ) laxl
k=2

(B - A) :
§M+¢u+m“+mD%M- (19)

Similarly, we have

oo
@) =12+ arz|
k=2
o
> 2] = > lall=f*
k=2

o
> |2] = |21 ) lax]
k=2

B-4
2M‘¢a+mu+3wgm' (20)
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Combining (19) and (20) we obtain the desire result. The result is sharp for

the function
f(z) =2+ \/( (B - 4) eif2 2 (21)

1+ B)(1+ B)Dj,

at z = £|z|e~*, This completes the proof of Theorem 4.

Corollary 5: Under the hypothesis of Theorem 4, f(z) included in a disk
with center at origin and radius r; given by

r =1+ (B—4)
! (1+8)(1+B)D3,’

Theorem 6: Let the function f(z) defined by (1) belong to the class V, (A, 8, A, B).
Then

4(B — A) , A(B — A)
1—\/ )Dg,q"z' < |[f(=) < 1+\/(1Jr 2] (22)

(1+8)1+B B)(1+ B)D},
The result is sharp for the function f(z) given by (21) at z = £|z|e2.
Proof. In view of the inequality
K1+ B)D), <21+ Bk - DIDY, (k= 2),

it follows that

= (B—A) B 4B — A)
2 Hadl < 2\/<1 AT B, \/<1 811 B,

Thus, we have

1F ()] =1+ kapz*"|
k=2
<142 Klax
k=2

1(B— A)
=i \/ i+ A+ By, " 29)
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Similarly, we obtain

"(2) =11+ ka2
k=2
>1— |2 ) klal
k=2

(B—4)
=1- \/(1+ﬁ)(1+B)D§q| : (24)

The assertion (22) of Theorem 6 follows from (23) and (24). The result is
sharp for the function f(z) given by (21).

Corollary 7: Let the function f(z) € A defined by (1) be in the class
V,(A, B, A, B). Then f(z) is included in a disk with center at origin and radius
ry given by

B 4(B — A)
et \/(1 O+ B)D),
4 Extreme Points

Theorem 8: Let the function f(z) defined by (1) be in the class V, (A, 5, A, B)
with arg(ay) = 0 where [0 + (k — 1)n] = 7 (mod27). Define fi(z) = z and

B (B - A)
fe(2) = 2+ \/[1 + (k= 1)](1+ B)Dy,

Then f(z) is in the class V, (), 5, A, B) if and only if it can be expressed in the
form

'Ok k (k>2;z€A).

o

f(z) = Zﬂkfk(z)a

k=1
where p, >0 (k> 1) and Y o pp = 1.

Proof: If f(z) = > "2 pefu(z) with D77, pr = 1 and py > 0, then

(B—A)
[+ B(k—1]1+B)Dp,"

> [1+8(k— 1)1+ B)Dy,
k=2

iB A, =(B—A)(1 — ) < (B-A).
k=2
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So, by Theorem 6, we have f(z) € V,(\, 5, A, B). Conversely, let the function
f(z) defined by (1) be in the class V, (X, 8, A, B). Define

k— B)D)}
Mk:\/[uﬁ( (31&11; ) Yo (k> 2)

and .
pp =1-— Z M-
k=2

From Theorem 6, >~y < 1 which implies p1 > 0. Since pg fx(2) = ppz +
apz*, we have

Zﬂkfk(z) =z+ Z%Zk = f(2).
k=1 k=2

This completes the proof of Theorem 8.

5 Open Problem

Using post quantum analysis or (p,q)-differential operator, Salagean and Ruscheweyh
differential operator can be further generalized. The class defined in Definition

7 can be redefined by help of generalized operator. Accordingly, coefficient es-
timates, distortion theorem and extreme points for the function belongs to the
generalized class can be found.
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