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Abstract

In the present paper, we obtain starlikeness of members of class
A in a parabolic region. We use differential subordination to ex-
tend certain results in this direction..
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1 Introduction

Let A denote the class of all analytic functions f which are normalized by the
conditions f(0) = f/(0) —1 = 0 in the open unit disk E = {z € C: |z] < 1}.
Therefore the members of the class A have the Taylor series expansion of the
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following form
f(z)=z+ Zakzk.
k=2
A function f € A is said to be parabolic starlike in [E if
R(20) [0
f(2) f(z)

The class of parabolic starlike functions is denoted by S,. A function f € A
is said to be uniformly close-to-convex in E, if

(o) e

for some g € S,. Let UCC denote the class of such functions. Note that the
function g(z) = z € S,. Therefore, for g(z) = z, condition (2) becomes

R(f(2) > 1f'(2) = 1],z €E (3)
Define the parabolic domain €2 as under:
Q={u+iv:u>+(u—1)2+ 02} (4)

2f'(2)
f(2)

—1‘,z€]E (1)

—1‘,26]}2 (2)

Note that the conditions (1) and (3) are equivalent to the condition that

and f'(z) take values in the parabolic domain 2 respectively.
Ronning [7] and Ma and Minda [4] showed that the function defined by

G142
1—+/2
maps the open unit disk E onto the parabolic domain 2. Therefore, condition

(1) is equivalent to
2f'(2)
%(f(z))<q(z),zEE (6)

2
q(z) =1+ Flog

()

and condition (3) is same as

R(f'(2) < q(2),z € E (7)

where ¢ is given by (5)

Let @ : C*xE — C and let p be an analytic function in E with (p(z), zp/(2); 2) €
C? x E for all z € E and h be univalent in E. Then the function p is said to
satisfy first order differential subordination if

O(p(2), 2p'(2); 2) < h(2), 2(p(0),0;0) = h(0) (8)
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A univalent function ¢ is called a dominant of the differential subordination (8)
if p(0) = ¢(0) and p < ¢ and for all p satisfying (8). A dominant ¢ that satisfies
G < q for all dominants ¢ of (8), is said to be the best dominant of the dif-
ferential subordination (8). The best dominant is unique up to a rotation of E.

For k € [0,00), define the domain
Qe = {u+iv:u? >k (u—1)% + 0%}, (9)

For fixed k, the above domain represents the conic region bounded, succes-
sively, by the imaginary axis (k = 0), the right branch of hyperbola (0 < k <
1), a parabola (k = 1), and an ellipse (k > 1). Also we note that, for no choice
of parameter k(k > 1), Q) reduces to a disk. pj is the univalent function
mapping the unit disk E onto €, such that p,(0) =1 and p,(0) >0

1tz for k=0

1-27

1+ 2o sinh?(A(k)arctanhy/z),  for k € (0,1)
pi(z) = 1+ 2log21+§, \f?rkrzl

14 25 sin? %0 (Tj,t), for k > 1

(10)

where A(k) = (2arccosk), F(w,
d

t
t):fowmjﬁal(() (7
K’
k = cosh( QK(%)).
2
1
Consider the region bounded by a parabola u = v + 3 that is the domain

) is Legendre elliptic integral of the first kind,
t) and t € (0,1) is chosen such that

2
p1(E) with p; given by (10). We next consider, the family described by the
2 2a+1 1
equality u = % + ot such that a < 5 that consists of right handed parabo-

20 +1

las with vertex at ,O> symmetric about the real axis. The family of

domains containing point 1 inside and bounded by those parabolas may be
characterised as

D, ={w:R(w—a)>|w—-1—al}
or equivalently,
D, = {w=u+iv:2u>v>+2a+1}. (11)

Kanas [3] solved the problem of finding the largest domain D for which, under
given ¢ and ¢, the differential subordination ¢(p(z), 2p/'(z)) € D = p(z) < ¢(2),
where D and ¢(E) are the regions bounded by conic sections, is satisfied. Kanas
[3] proved the following results:
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Theorem 1.1 Let p be analytic in E such that p(0) = 1. Also let a < % If
2p' (2
p(2) + 2

p(2)

€ D,, then

L+ V7
-z

2
p(z) <1+ Flog
where
D, ={w:R(w—a)>|w—-1—al}

or equivalently,
D, ={w=u+iv:2u>v?+2a+1} (12)

and a > ay = -

2f"(2)
f'(2)
D, ={w: R(w—a)>|w—-1-al}

Theorem 1.2 Let f € A and let 1+ € D,, where

or equivalently,
D, ={w=u+iv:2u>v?+2a+1} (13)

1
and a > ——. Then
s

2f'(2)
f(2)

1++/2
1—z

2
<1+ —2log2
s

The main objective of the present paper is to extend the above mentioned
results of Kanas [3] in the sense that the same operators take values in an
extended region to conclude the same results.

2 Main Results

To prove our main result, we use the following lemma of Miller and Mocanu.
Lemma 1[6]. Let ¢ be univalent in the unit disk E and let 6 and ¢ be
analytic in domain D containing ¢(E) with ¢(w) # 0 when w € ¢(E). Set
Q1(2) = 2¢(2)6la(2)], h(2) = 0lq(2)] + Q1 (2) and suppose that
(1) either h is convex or ) is starlike in E, and

w2l (2)
1) R
(é4) )
If p is analytic in E with p(0) = ¢(0),p(E) C D and

0l(p(2)] + 21 (2)[p(2)] < Ola(2)] + 2¢'(2)Pla(2)];
then p(z) < ¢q(z) and ¢ is the best dominant.

>0,z € E.
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Theorem 2.1 Let p be analytic in E such that p(0) = 1. For a > 0, and
p(z) be a function such that

/ log(1+%)
p(z)+aZp<Z)<1+—l 1+\f 21‘/5 (1)
p(z) —Vz “r 214 zlog*E
then Atz
+
p(z) <1 + l g
s
Proof. Let us write
+/z

2,1
q(z) =1+ Flog

-z

With a little calculation, from (14), we have

2/ (2) 2q'(2)
p(2) q(z)

Define the functions 6 and ¢ as O(w) = w, ¢(w) = e Clearly ¢ is analytic
w

p(2) + o <q(z) +a

in domain in D = C\ {0}. Set Q1(z) = azq’(z) and h(z) =q(z) + 0425;(;;).

On differentiation, we obtain:

2Q1(2) _ N 2q"(2)  2q'(2)

Qi(z) ¢z q(z)
d
" W) L ) ) )
Q1(2) 7(z)  q(z) oY
2Q} (Z))
Thus R
(&
Z— 1 z z 1 z
_p (1 o A 10g(1f£> B 15 10g(1t£) )
) i 1og(BE) 1+ S(log(Rf))
zh/ (2
R
(@)
§R (1 2)2 + 2\/§21 lz)Q log(li_£> %1@ log(ii_é) 1 2 1 1 + \/z 2
- 1+ 1 1+z 2 1+vz 2+_ I+ 5 | log 1—+/z '
Vz(1—2) 10g< \f) 1+ F(log(l_\/g» a & z
. ZQE(Z)) ( zh Z))
We notice that & >0 and R >0 fora>0
( Q1(2) Q1(2)

The proof, now, follows from Lemma 1.

Selecting a = 1 in the Theorem 2.1, we get following result;
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Theorem 2.2 Let p be analytic in E such that p(0) = 1. Let p(z) be a
function such that

) —l 1+vz 4 v log(1£7)
p(z) 1_\/_ 7T21_Zl—1— 21092”\[

p(2) +

g

then
143
1—/z

p(z )<1+—log

Remark 2.3 Comparing Theorem 2.2 and Theorem 1.1 in Figure 1. By
2p'(2)
p(2)

whole shaded portion whereas by Theorem 1.1, the operator p(z)+

takes values in the

zp'(2)
| | | pl2)
values only in the dark shaded region. Therefore, the region of variability of the
above said operator has been extended in Theorem 2.2, to conclude the same

result.

Theorem 2.2 we observe that the operator p(z) +

takes

Figure 1

/
Taking p(z) = ZJ{((? in Theorem 2.2 we obtain :
z
Corollary 2.4 For f € A and suppose that
14 fﬁ()<1+ o it VE LA VE log ()
29T 21— 27 oltyz’
f(z) \/_ m “1+ %log*; s
then
2f'(2) 1+ \/_
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Remark 2.5 We notice that the above corollary extends the result of The-

orem 1.2 in the same manner as that of Remark 2.3.

3

Open Problem

The results obtained in this paper hold for @ > 0. One may try to find the
same results that hold for o < 0.
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