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1 Introduction

Denote by A(p) the class of p�valent analytic functions of the form:

f(z) = zp +
1X
n=1

ap+nz
p+n; (p 2 N = f1; 2; 3; :::g; z2U= fz2 C : jzj < 1g):

(1.1)
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Aouf [1] de�ned the class Pk(p; 
) of functions g(z) satisfying g(0) = p and

2�Z
0

����Refg(z)g � 
p� 


���� d� � k� (z = rei�; k � 2; 0 � 
 < p): (1.2)

which generalizes the classes:
(i) Pk(1; 
) = Pk(
) (see [6] and [5] who proved that it is a convex set);
(ii) Pk(1; 0) = Pk (see [7]);
(iii) P2(p; 
) = P(p; 
) is the class in which Refg(z)g > 
(0 � 
 < p);
(iv) P2(1; 
) = P(
) is the class in which Refg(z)g > 
(0 � 
 < 1);
(v) P2(1; 0) = P is the class in which Refg(z)g > 
.
From (1:2), we have g 2 Pk(p; 
) if and only if there exists g1; g2 2 P(p; 
)

such that

g(z) =

�
k

4
+
1

2

�
g1(z)�

�
k

4
� 1
2

�
g2(z); (z 2 U): (1.3)

For complex parameters �1; :::; �q and �1; :::; �s (�j =2 Z0 = f0;�1;�2; :::g; j =
1; :::; s): Dziok and Srivastava [2] de�ned the operator

Hp;q;s(�1)f(z) = z
p +

1X
n=1

�n+p (�1) an+pz
n+p; (1.4)

which satisfy

z (Hp;q;s(�1)f(z))
0
= �1Hp;q;s(�1 + 1)f(z)� (�1 � p)Hp;q;s(�1)f(z); (1.5)

where

�n+p (�1) =
(�1)n ::: (�q)n

(�1)n ::: (�s)n (n)!
;

and

(�)n =
�(� + n)

�(�)
=

�
1 n = 0

�(� + 1):::(� + n� 1) (n 2 N) :

For di¤erent values of the parameters Hp;q;s(�1) generalizes many other oper-
ators see ([2]). For example:
Hp;2;1(c + p; 1; c + p + 1)f(z) = Jc;pf(z); where Jc;pf(z) is the generalized

Libera operator (see [10] and [11]) de�ned by

Jc;p(f)(z) =
c+ p

zc

zZ
0

tc�1f(t)dt

=

 
zp +

1X
n=1

c+ p

c+ p+ n
zp+n

!
� f(z) (c > �p; p 2 N); (1.6)
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For 0 � 
 < p, k � 2 and f 2 A(p): Seoudy [12]. (see also Noor [7 with
p = 1]), de�ned the following classes by:

Uk(p; 
) =

�
f 2 A(p) : zf

0
(z)

f(z)
2 Pk(p; 
)

�
;

Vk(p; 
) =

(
f 2 A(p) :

�
zf

0
(z)
�0

f 0(z)
2 Pk(p; 
)

)
;

Tk (p; 
; �) =

�
f 2 A(p) : g(z) 2 U2(p; 
);

zf
0
(z)

g(z)
2 Pk(p; �)

�
;

T �k (p; 
; �) =

(
f 2 A(p) : g(z) 2 V2(p; 
);

�
zf

0
(z)
�0

g0(z)
2 Pk(p; �)

)
: (1.7)

Next, by using the linear operatorHp;q;s(�1); we introduce the following classes
of analytic functions for 0 � 
 < p and k � 2 :

Uk;p;q;s(�1; 
) = ff 2 A(p) : Hp;q;s(�1)f(z) 2 Uk(p; 
)g ;
Vk;p;q;s(�1; 
) = ff 2 A(p) : Hp;q;s(�1)f(z) 2 Vk(p; 
)g ;

Tk;p;q;s (�1; 
; �) = ff 2 A(p) : Hp;q;s(�1)f(z) 2 Tk (p; 
; �)g ;

T �k;p;q;s (�1; 
; �) = ff 2 A(p) : Hp;q;s(�1)f(z) 2 T �k (p; 
; �)g : (1.8)

which satisfy

f(z) 2 Vk;p;q;s(�1; 
),
zf

0
(z)

p
2 Uk;p;q;s(�1; 
) (1.9)

and

f(z) 2 T �k;p;q;s (�1; 
; �),
zf

0
(z)

p
2 Tk;p;q;s (�1; 
; �) : (1.10)

The following lemmas will be required in our investigation.
Lemma 1 [3]. For u = u1 + i u2 ; v = v1 + iv2; D � C � C . Let the

complex valued function

� : D ! C ; D � C� C,

and satis�es the following conditions:
(i) � (u; v) is continuous in D ;
(ii) (1; 0) 2 D and Re f� (1; 0)g > 0;
(iii) for all (iu2; v1) 2 D; and v1 �

�(1+u22)
2

; Re f� (iu2; v1)g � 0: Let

h (z) = 1 + h1z + h2z
2 + :::; (1.11)
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be regular in U. Such that
�
h (z) ; zh

0
(z)
�
2 D:If Re

�
�
�
h (z) ; zh

0
(z)
�	
> 0;

then Re fh (z)g > 0 :
Lemma 2 [9]. Let p (z) be analytic in U with p(0) = 1 and Refp(z)g >

0; z 2 U: Then for s > 0 and � 2 Cnf�1g;

Re

�
p(z) +

szp
0
(z)

p(z) + �

�
> 0 (jzj < r0) ; (1.12)

where r0 is given by

r0 =
j�+ 1jq

A+ (A2 � j�2 � 1j) 12
; A = 2(s+ 1)2 + j�j2 � 1; (1.13)

and this radius is the best possible.
Lemma 3 [8]. Let � be convex and let g be starlike in U: Then, for F

analytic in U with F (0) = 1; ((� � Fg) = (� � g)) is contained in the convex hull
of F (U):
In this paper, we obtain several inclusion properties of the classes Uk;p;q;s(�; 
)

and Vk;p;q;s(�; 
) associated with the operator Hp;q;s(�1):

2 Main Results

Unless otherwise mentioned, we assume throughout this paper that k � 2;
0 � 
 < p; p 2 N; q and s 2 N0 = N [ f0g; q � s+ 1; �1 2 C and �j =2 Z0:
Theorem 1. The following inclusion relation holds:

Uk;p;q;s(�1 + 1; 
) � Uk;p;q;s(�1; 
): (2.1)

Proof. Let f(z) 2 Uk;p;q;s(�1 + 1; 
) and

z (Hp;q;s(�1)f(z))
0

Hp;q;s(�1)f(z)
= (p� 
)h(z) + 


=

�
k

4
+
1

2

�
f(p� 
)h1(z) + 
g �

�
k

4
� 1
2

�
f(p� 
)h2(z) + 
g ; (2.2)

where hi is analytic in U with hi(0) = 1; i = 1; 2: Using the identity (1:5) in
(2:2) and di¤erentiating; we obtain

z (Hp;q;s(�1 + 1)f(z))
0

Hp;q;s(�1 + 1)f(z)
=
n

 + (p� 
)h(z) + (p�
)zh0 (z)

(p�
)h(z)+
+�1�p

o
2 Pk(p; 
):

(2.3)

23



Inclusion Properties of Certain Subclasses of p�Valent Functions

This implies that

<
�
(p� 
)hi(z) +

(p� 
) zh0i(z)
(p� 
)hi(z) + 
 + �1 � p

�
> 0: (2.4)

We form the functional � (u; v) by choosing u = hi(z) and v = zh
0
i(z) :

� (u; v) = (p� 
)u+ (p� 
) v
(p� 
)u+ 
 + �1 � p

(2.5)

Clearly, conditions (i) and (ii) of Lemma 1 are satis�ed. Now, we verify con-
dition (iii) as follows:

Re f� (iu2; v1)g = Re
�
iu2 (p� 
) +

(p� 
) v1
(p� 
) iu2 + 
 + �1 � p

�

� � (
 + �1 � p) (1 + u22) (p� 
)
2
�
(
 + �1 � p)2 + (p� 
)2 u22

� < 0: (2.6)

Therefore applying Lemma 1, hi 2 P(i = 1; 2) and consequently h 2 Pk: that
is Hp;q;s(�1)f(z) 2 Uk(p; 
).
Theorem 2. The following inclusion relation holds:

Vk;p;q;s(�1 + 1; 
) � Vk;p;q;s(�1; 
): (2.7)

Proof. Applying (1:9) and Theorem 1, we observe that

f(z) 2 Vk;p;q;s(�1 + 1; 
)

, zf
0
(z)

p
2 Uk;p;q;s(�1 + 1; 
) =)

zf
0
(z)

p
2 Uk;p;q;s(�1; 
)

, f(z) 2 Vk;p;q;s(�1; 
);

the proof of Theorem 2 is completed.
Theorem 3. The following inclusion relation holds:

Tk;p;q;s (�1 + 1; 
; �) � Tk;p;q;s (�1; 
; �) : (2.8)

Proof. Let f(z) 2 Tk;p;q;s (�1 + 1; 
; �). Then, in view of the de�nition of
the class Tk;p;q;s (�1 + 1; 
; �) ; there exists a function g(z) 2 U2;p;q;s(�1 + 1; 
)
such that

z (Hp;q;s(�1 + 1)f(z))
0

Hp;q;s(�1 + 1)g(z)
2 Pk(p; �) (z 2 U) :

Now let
z (Hp;q;s(�1)f(z))

0

Hp;q;s(�1)g(z)
= H(z) = (p� �)h(z) + �; (2.9)
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where h(z) is analytic in U with h(0) = 1: Using (1:5) in (2:9), we have

�1Hp;q;s(�1+1)f(z)�(�1 � p)Hp;q;s(�1)f(z) = [(p� �)h(z) + �]Hp;q;s(�1)g(z):
(2.10)

Di¤erentiating (2:10) leads to

�1z (Hp;q;s(�1 + 1)f(z))
0
� (�1 � p) z (Hp;q;s(�1)f(z))

0

= (p� �) zh0(z)Hp;q;s(�1)g(z) + [(p� �)h(z) + �] z (Hp;q;s(�1)g(z))
0
: (2.11)

Since g(z) 2 U2;p;q;s(�1 + 1; 
); by Theorem 1, g(z) 2 U2;p;q;s(�1; 
), then we
have

z (Hp;q;s(�1)g(z))
0

Hp;q;s(�1)g(z)
= (p� 
) p(z) + 
;

where p(z) = 1+ c1z + c2z2+ ::: is analytic in U with p(0) = 1: Then by using
(1:5); we have

�1
Hp;q;s(�1 + 1)g(z)

Hp;q;s(�1)g(z)
= (p� 
) p(z) + 
 + �1 � p: (2.12)

From (2:11) and (2:12); we obtain

z (Hp;q;s(�1 + 1)f(z))
0

Hp;q;s(�1 + 1)g(z)
= (p� �)h(z)+�+ (p��)zh0 (z)

(p�
)p(z)+
+�1�p 2 Pk(p; �): (2.13)

Now, we will show that H(z) 2 Pk(p; �) or hi 2 P(i = 1; 2): From (2:2) and
(2:13) we have

z(Hp;q;s(�1+1)f(z))
0

Hp;q;s(�1+1)g(z)
=

�
k

4
+
1

2

�n
(p� �)h1(z) + � + (p��)zh01(z)

(p�
)p(z)+
+�1�p

o
�
�
k

4
� 1
2

�n
(p� �)h2(z) + � + (p��)zh02(z)

(p�
)p(z)+
+�1�p

o
;

this implies that

Re

�
(p� �)hi(z) +

(p� �) zh0i(z)
(p� 
) p(z) + 
 + �1 � p

�
> 0 (z 2 U; i = 1; 2) :

We form the functional �(u; v) by choosing u = hi(z); v = zh
0
i(z);

�(u; v) = (p� �)u+ (p� �) v
(p� 
) p(z) + 
 + �1 � p

:

Clearly, conditions (i) and (ii) of Lemma 1 are satis�ed in D � CnQ� � C,
where Q� =

n
z 2 C and Re(p(z)) = p1 > p�
��1

p�


o
and p(z) = p1 + ip2:
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Now, we verify condition (iii) as follows:

Re f�(iu2; v1)g = Re

�
(p� �) iu2 +

(p� �) v1
(p� 
) (p1 + ip2) + 
 + �1 � p

�
� � (p� �) [(p� 
) p1 + 
 + �1 � p] (1 + u22)

2
�
[(p� 
) p1 + 
 + �1 � p]2 + [p2 (p� 
)]2

	 < 0:
By applying Lemma 1, hi(z) 2 P(i = 1; 2). This completes the proof of

Theorem 3.
Theorem 4. The following inclusion relation holds:

T �k;p;q;s (�1 + 1; 
; �) � T �k;p;q;s (�1; 
; �) : (2.14)

Proof. By applying (1.10) and Theorem 3, it follows that

f(z) 2 T �k;p;q;s (�1 + 1; 
; �)

, zf
0
(z)

p
2 Tk;p;q;s (�1 + 1; 
; �) =)

zf
0
(z)

p
2 Tk;p;q;s (�1; 
; �)

, f(z) 2 T �k;p;q;s (�1; 
; �)

the proof of Theorem 4 is completed.
Theorem 5. If f(z) 2 Uk;p;q;s(�1; 
); Then Jc;p(f)(z) is given by (1.6) also

belongs to the class Uk;p;q;s(�1; 
).
Proof. Let f(z) 2 Uk;p;q;s(�1; 
) and set

z (Hp;q;s(�1)Jc;p(f)(z))
0

Hp;q;s(�1)Jc;p(f)(z)
= (p� 
)h(z) + 


=

�
k

4
+
1

2

�
f(p� 
)h1(z) + 
g �

�
k

4
� 1
2

�
f(p� 
)h2(z) + 
g ; (2.15)

where hi is analytic in U with hi(0) = 1: From (1:6), we have

z (Hp;q;s(�1)Jc;p(f)(z))
0
= (p+ c)Hp;q;s(�1)f(z)� cHp;q;s(�1)Jc;p(f)(z) (2.16)

Then, by using(2:15) and (2:16), we obtain

(c+ p)
Hp;q;s(�1)f(z)

Hp;q;s(�1)Jc;p(f)(z)
� c = (p� 
)h(z) + 
: (2.17)

and 
z (Hp;q;s(�1)f(z))

0

Hp;q;s(�1)f(z)

!
= (p� 
)h(z) + 
 + (p� 
)zh0(z)

(p� 
)h(z) + 
 + c 2 Pk(p; 
):

(2.18)
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This implies that

Re

�
(p� 
)hi(z) +

(p� 
)zh0i(z)
(p� 
)hi(z) + 
 + c

�
> 0 (z 2 U; i = 1; 2): (2.19)

We form the functional � (u; v) by choosing u = hi(z) and v = zh
0
i(z) :

� (u; v) = (p� 
)u+ (p� 
)v
(p� 
)u+ 
 + c: (2.20)

Clearly, conditions (i) and (ii) of Lemma 1 are satis�ed. Now, we verify con-
dition (iii) as follows:

Re f� (iu2; v1)g = Re
�
(p� 
)iu2 +

(p� 
)v1
(p� 
) iu2 + 
 + c

�

� � (
 + c) (1 + u22) (p� 
)
2
�
(
 + c)2 + (p� 
)2 u22

� < 0: (2.21)

Therefore applying Lemma 1, hi 2 P(i = 1; 2) and consequently h 2 Pk: that
is Jc;p(f)(z) 2 Uk;p;q;s(�1; 
).
Theorem 6. If f(z) 2 Vk;p;q;s(�1; 
); then Jc;p(f)(z) 2 Vk;p;q;s(�1; 
).
Proof. By applying Theorem 3, it follows that

f(z) 2 Vk;p;q;s(�1; 
)

, zf
0
(z)

p
2 Uk;p;q;s(�1; 
) =) Jc;p(

zf
0
(z)

p
) 2 Uk;p;q;s(�1; 
)

, z (Jc;p(f)(z))
0

p
2 Uk;p;q;s(�1; 
)

, Jc;p(f)(z) 2 Vk;p;q;s(�1; 
);

the proof of Theorem 6 is completed.
Theorem 7. Let c > �p and 0 � 
 < p: If f(z) 2 Tk;p;q;s (�1; 
; �) ; then

Jc;pf(z) 2 Tk;p;q;s (�1; 
; �) :

Proof. Let f(z) 2 Tk;p;q;s (�1; 
; �). Then, by (1.8), there exists a function
g(z) 2 U2;p;q;s(�1; 
) (0 � 
 < p) such that

z (Hp;q;s(�1)f(z))
0

Hp;q;s(�1)g(z)
2 Pk(p; �) (0 � �; 
 < p) :

By putting
z (Hp;q;s(�1)Jc;pf(z))

0

Hp;q;s(�1)Jc;pg(z)
= � + (p� �)h(z); (2.22)

27



Inclusion Properties of Certain Subclasses of p�Valent Functions

where h(z)of the form (1.11). From (2.16) and (3.22) that

(c+ p) z (Hp;q;s(�1)f(z))
0
= z (Hp;q;s(�1)Jc;pg(z))

0
[� + (p� �)h(z)]

+ (p� �) zh0(z)Hp;q;s(�1)Jc;pg(z) + cz (Hp;q;s(�1)Jc;pf(z))
0
: (2.23)

Now, by applying the identity (2.16) for the function g(z) in (3.23), we get

z (Hp;q;s(�1)f(z))
0

Hp;q;s(�1)g(z)
= [� + (p� �)h(z)] + Hp;q;s(�1)Jc;pg(z)

Hp;q;s(�1)g(z)
:
(p� �) zh0(z)
(c+ p)

:

(2.24)
Since g(z) 2 U2;p;q;s(�1; 
) ; we conclude from Theorem 5 that Jc;pg(z) 2
U2;p;q;s(�1; 
):
Let

z (Hp;q;s(�1)Jc;pg(z))
0

Hp;q;s(�1)Jc;pg(z)
= 
 + (p� 
) p(z); Re fp (z)g > 0 .

Thus (3.24) can be written as:

z (Hp;q;s(�1)f(z))
0

Hp;q;s(�1)g(z)
� � = (p� �)h(z) + (p� �) zh0(z)

(c+ 
) + (p� 
) p(z) : (2.25)

We form the functional �(u; v) by choosing u = h(z); v = zh
0
(z); in (3.25)

as follows

�(u; v) = (p� �)u+ (p� �) v
(c+ 
) + (p� 
) p(z) :

Clearly, conditions (i) and (ii) of Lemma 1 are satis�ed D � C� C. Now,
we verify condition (iii) as follows:

Re f�(iu2; v1)g = Re

�
(p� �) iu2 +

(p� �) v1
(c+ 
) + (p� 
) [p1 (x; y) + ip2 (x; y)]

�
=

(p� �) [(c+ 
) + (p� 
) p1(x; y)] v1
[(c+ 
) + (p� 
) p1(x; y)]2 + [(p� 
) p2(x; y)]2

� � (p� �) [(c+ 
) + (p� 
) p1(x; y)] (1 + u22)
2
�
[(c+ 
) + (p� 
) p1(x; y)]2 + [(p� 
) p2(x; y)]2

	
< 0:

Hence Re fh (z)g > 0 ( z 2 U) and Jc;pf(z) 2 Tk;p;q;s (�1; 
; �) : This com-
pletes the proof of Theorem 7.
Similarly, we can prove the following result.
Theorem 8. Let c > �p and 0 � 
 < p: If f(z) 2 T �k;p;q;s (�1; 
; �) ; then

Jc;pf(z) 2 T �k;p;q;s (�1; 
; �) :
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Theorem 9. If f(z) 2 Vk;p;q;s(�1 + 1; 
); then f(z) 2 Vk;p;q;s(�1; 
) for

jzj < r0 = r0 =
j�+ 1jq

A+ (A2 � j�2 � 1j) 12
; (2.26)

where A = 2(s + 1)2 + j�j2 � 1; with � = 
 + �1 � p
p� 
 6= �1 and s = 1

p� 
 :
This radius is the best possible.
Proof. We begin by setting

z (Hp;q;s(�1)f(z))
0

Hp;q;s(�1)f(z)
= (p� 
)h(z) + 


=

�
k

4
+
1

2

�
f(p� 
)h1(z) + 
g �

�
k

4
� 1
2

�
f(p� 
)h2(z) + 
g ; (2.27)

where hi is analytic in U with hi(0) = 1; i = 1; 2: Using the identity (1:5) in
(2:27).

1

p� 


(
z (Hp;q;s(�1 + 1)f(z))

0

Hp;q;s(�1 + 1)f(z)
� 

)

= h(z) +
(1= (p� 
)) zh0(z)

h(z) + ((
 + �1 � p) = (p� 
))

=

�
k

4
+
1

2

��
h1(z) +

(1= (p� 
)) zh01(z)
h1(z) + ((
 + �1 � p) = (p� 
))

�

�
�
k

4
� 1
2

��
h2(z) +

(1= (p� 
)) zh02(z)
h2(z) + ((
 + �1 � p) = (p� 
))

�
; (2.28)

where Re fhi(z)g > 0 for i = 1; 2: Applying Lemma 2 with s =
1

p� 
 and

� =

 + �1 � p
p� 
 6= �1; we get

Re

�
hi(z) +

(1= (p� 
)) zh0i(z)
hi(z) + ((
 + �1 � p) = (p� 
))

�
> 0 for jzj < r0; (2.29)

where r0 is given by (2:26). This completes the proof of Theorem 9.
Theorem 10. Let 	 be a convex function and f(z) 2 U2;p;q;s(�1; 
): Then

G 2 U2;p;q;s(�1; 
); where G = 	 � f:
Proof. Let G = 	 � f: Then

Hp;q;s(�1)G(z) = Hp;q;s(�1)(	 � f) = 	(z)Hp;q;s(�1)f(z): (2.30)
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Also, f(z) 2 U2;p;q;s(�1; 
): Therefore Hp;q;s(�1)f(z) 2 U2(p; 
): By logarithmic
di¤erentiation of (2; 30) and after some simpli�cation, we obtain

z (Hp;q;s(�1)G(z))
0

pHp;q;s(�1)G(z)
=
	(z) � F (z)Hp;q;s(�1)f(z)
	(z) �Hp;q;s(�1)f(z)

; (2.31)

where F = z (Hp;q;s(�1)f(z))
0
=pHp;q;s(�1)G(z) is analytic in U and F (0) = 1:

From Lemma 3, we can see that
�
z (Hp;q;s(�1)G(z))

0
=pHp;q;s(�1)G(z)

�
is con-

tained in the convex hull of F (U): Since
�
z (Hp;q;s(�1)G(z))

0
=pHp;q;s(�1)G(z)

�
is analytic in U and

F (U) =
=

(
! :

z (Hp;q;s(�1)!(z))
0

pHp;q;s(�1)!(z)
2 P(
)

)
; (2.32)

then
�
z (Hp;q;s(�1)G(z))

0
=pHp;q;s(�1)G(z)

�
lies in 
; this implies that G =

	 � f 2 U2;p;q;s(�1; 
):
Remarks.
(i) Putting di¤erent values of the parameters ofHp;q;s(�1)f(z) in our results,

we obtain corresponding results for many other operators.
(ii) Putting p = 1 in the above results, we obtain corresponding results for

the operator Hq;s(�1):
Open Problem
The authors suggest to study these classes de�ned by the operator

Lm�;p;lf (z) = zp +
1X

k=p+1

�
l + p+ � (k � p)

l + p

�m
akz

k
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