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Abstract

The purpose of the present paper is to introduce subclasses of
p—wvalent functions defined by Dziok-Srivastava operator. Inclusion
relationships are established and integral operator for functions in
these subclasses is discussed.
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1 Introduction

Denote by A(p) the class of p—valent analytic functions of the form:

f(2) =22+ apn", (peN={1,2,3,.},26U= {z€ C:|2| < 1}).
n=1
(1.1)
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Aouf [1] defined the class P (p, ) of functions g(z) satisfying g(0) = p and
/‘Re{g ‘ do <km (z=rek>2,0<~vy<p). (1.2)

which generalizes the classes:
(i) Pr(1,v) = Pi(7) (see [6] and [5] who proved that it is a convex set);
(i) Pi(1,0) = Py, (see [7]);
(iii) Pa(p,v) = P(p, ) is the class in which Re{g(z)} > v(0 <~ < p);
(iv) P2(1,v) = P(y) is the class in which Re{g(z)} > v(0 <~ < 1);
(v) P(1,0) = P is the class in which Re{g(2)} > 7.
From (1.2), we have g € Py(p, ) if and only if there exists g1, 92 € P(p,)
such that

0= (5+3) 00— (5-3)ee cev. 0y

For complex parameters az, ..., g and B, ..., B, (8; € Zo =1{0,—1,-2,..};j =
1,...,s). Dziok and Srivastava [2] defined the operator

pr%s(al)f(z) = 2P + Z Fn-i-p (al) an+pzn+p7 (14)

n=1

which satisfy
Z (Hp,q,s(al)f(z))l = aal,q,S(al +1)f(2) = (a1 — p)Hp,q,S(al)f(Z)7 (1.5)
where (@) (@)
P (0 = (33 6.,

and
L' +n) 1 n=>0

O =—F@y = { 0(0+1)..0+n—1) (neN)

For different values of the parameters H, , () generalizes many other oper-
ators see ([2]). For example:

Hyoo1(c+p,Lic+p+1)f(2) = J.pf(2), where J.,f(2) is the generalized
Libera operator (see [10] and [11]) defined by

z

Jen(f)(z) = S22 / (L f (1)t

ZC
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For 0 < v < p, k> 2and f € A(p). Seoudy [12]. (see also Noor [7 with
p = 1]), defined the following classes by:

tipn) = {7 €809 Z}”(S)emp,w}
Vi(p,7) = {fEA( ) : (fo((j))) GPk(p,v)},
Tpn8) = {£e80)i96) <t LT e P}
(=1 ()

Ty (p, v, ) = {f € A(p) : g(2) € Va(p,7), € Py(p, ﬁ)} . (1)

g (2)
Next, by using the linear operator H, , s(«1), we introduce the following classes
of analytic functions for 0 <y <pand k > 2:

Ukpas(a,y) = {f € Alp): Hygs(an)f(2) € Ur(p,7)},
Vipas(a,7) = {f € Alp) : Hygs(on)f(2) € Vi(p, )},
Thopas (1,7, 8) = {f € Alp) : Hygs(ar) f(2) € Ty (.7, B)}

Tl:,p,q,s (0517775) - {f € A<p) : Hp7q7s(041)f(2) S TI: (p/%ﬁ)} . (18)
which satisfy

2f'(2)
p

f(z) € Vk,p,q,S(al,w <~ € Uk,p,q78<0‘1a7) (1.9)

and

. 2f (2
f(Z) € Tk,p,q,s (0417’775) And p< )
The following lemmas will be required in our investigation.

Lemma 1 [3]. For u = uy +1i uy ,v = v; +ivy, D C C x C . Let the
complex valued function

S Tk,p,q,s (ala e ﬂ) . (110)

¢p:D—-C,DcCxC,

and satisfies the following conditions:
(i) ¢ (u,v) is continuous in D ;
(i) (1,0) € D and Re{¢ (1,0)} > 0;

(iii) for all (iug,v1) € D, and vy < (1+u2)

, Re {¢ (iug,v1)} <0. Let

h(z) =14 hiz+ho2® + ..., (1.11)
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be regular in U. Such that (h(2),zh (2)) € D.If Re {¢ (h(2),2h (2))} >0,
then Re{h(2)} > 0.

Lemma 2 [9]. Let p(z) be analytic in U with p(0) = 1 and Re{p(z)} >
0,z € U. Then for s > 0 and p € C\{—1},

2 (2)
Re {p(Z)—Fm} >0(|Z| <T0), (112)

where rq is given by
v +1

Ty = )
A+ (42— ez — 1))

and this radius is the best possible.

Lemma 3 [8]. Let ¢ be convex and let g be starlike in U. Then, for F'
analytic in U with F(0) =1, ((¢ * Fig) / (¢ * g)) is contained in the convex hull
of F(U).

In this paper, we obtain several inclusion properties of the classes Uy ,, 4 (v, )
and Vj, 4s(,7y) associated with the operator H,, , s(aq).

A=2(s+ 1%+ |uf -1, (1.13)

2 Main Results

Unless otherwise mentioned, we assume throughout this paper that £ > 2,
0<y<ppeNgandseNy=NU{0},¢g<s+1,a € Cand 3; ¢ Z.
Theorem 1. The following inclusion relation holds:

Uk,p,q,s(al + 17 7) C Uk,p,q,S(ala 7) (21)

Proof. Let f(z) € Ugpqs(cn +1,7) and

Z( pqs(a1>f(z))
Hpgs(a1) f(2)

=(p—7)h(z) +~

ko1 ko1

- (3+3) -m@+- (A-De-Dme . e

where h; is analytic in U with A;(0) = 1,7 = 1,2. Using the identity (1.5) in
(2.2) and differentiating, we obtain

2 (Hpgs(on + 1) f(2))
Hp,q,S(al + 1)f(z)

= {7 +(p—7)h(z) + <p,7(§’,§(l§ihwfil,p} € Pr(p,7).
(2.3)
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This implies that

Nl (p — ) zhy(2)
§)‘E{(p 7>hz()+(p_7)hi(z)+7+al_p}>o. (2.4)

We form the functional ¢ (u,v) by choosing u = h;(z) and v = zh;(z) :

(p—7)v
p—y)u+y+og—p

¢(u7v)=(p—’y)u4r( (2.5)

Clearly, conditions (i) and (ii) of Lemma 1 are satisfied. Now, we verify con-
dition (iii) as follows:

| B ' (p—7)u
Re{(b(wavl)}—Re{“@(p_w—i_ (p—’y)iUg-F’Y‘i‘oq—p}

— 1 2 —
<_ (v + p)(2+u2)(p 272 “o (2.6)
2[(v+ar—p)°+(p—7) ul)
Therefore applying Lemma 1, h; € P(i = 1,2) and consequently h € Py. that
is Hp,q,s(al)f(z) € Uk(p7 fy)
Theorem 2. The following inclusion relation holds:

Vk,pﬂ,S(O‘l +1, 'Y) - Vk,}%q,s(al? 'Y)' (2-7)

Proof. Applying (1.9) and Theorem 1, we observe that

f(Z) S Vk,p,q,S(al + 17 7)
2f (2)
p

€ Uk,p,q,s(al + 17 ’7) =

z ' z
fp( ) € Uk,p,q7s(a177)

~ f(Z) € Vk,p,q,s(a177)7

the proof of Theorem 2 is completed.
Theorem 3. The following inclusion relation holds:

Tk,p,q,s (al + 17 Y5 5) C Tk,p,q,s (0417 75 5) . (28)

Proof. Let f(z) € Ty pqs (a1 +1,7,3). Then, in view of the definition of
the class T} 4.5 (1 + 1,7, ), there exists a function g(z) € Usyp s +1,7)

such that /
2 (Hyqs(on + 1) f(2))
Hyoolon + Dglz) - Pi(p, ) (z € U).
Now let /
2 (Hpgs(a1)f(2)) CH() — (p— .
Hpgs(an)g(z) H(z) = (p—B) h(z) + 5, (2.9)
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where h(z) is analytic in U with h(0) = 1. Using (1.5) in (2.9), we have

a1y qs(0141) f(2) = (a1 = p) Hygs(01) f(2) = [(p — B) h(2) + f] Hp,qys(azgg(g;-
Differentiating (2.10) leads to |

! !

a1z (Hpgs(n +1)f(2)) = (a1 = p) z (Hpgs(1) f(2))

= (p— B) 21 (2)Hpga(e1)g(2) + [(p = B) h(2) + B] 2 (Hp g s(1)g(2)) . (2.11)

Since g(z) € Uspqs(ar +1,7), by Theorem 1, g(z) € Uspqs(a1,7), then we
have

2 (Hpg(01)9(2))
HP@,s(al)g('Z)
where p(z) = 1+ ¢12 + 22 + ... is analytic in U with p(0) = 1. Then by using
(1.5), we have

= (p—7)p(2) + 7,

Hp,q7s(a1)g(z)

From (2.11) and (2.12), we obtain

=({p—7pi)+v+a —p (2.12)

03]

I

2 (Hpgs(on +1)f(2))

Hp,%s(al + 1)9('2)

Now, we will show that H(z) € Px(p,3) or h; € P(i = 1,2). From (2.2) and
(2.13) we have

= (p— B) h(z)+ B+~ c Py (p ). (2.13)

p—7)p(2)+y+a1—p

Hpas(ca+)f(2)  _ (k1 (r—B)2K. (=)
Hyas(@itDglz) <4 T 2) {(p = B)(z) + 8+ (p—v)p(2)+wl+a1—p}

ko1 (p—B)zhiy(2)
a (Z a 5) {(p = B)hal2) + 5 + (P—v)p(2)+v2+a1—p} ’

this implies that

(p — B) zh;(2)
(p—v)p(z) +v+ar—

Re{(p—ﬁ)h,-(z)—k p}>0 (z€eU;i=1,2).

!

We form the functional ¢(u,v) by choosing u = h;(z), v = zh,(z),

(p—B)v
(p—7)p(z) +y+a—p

¢(u,v) = (p—Flu+

Clearly, conditions (i) and (ii) of Lemma 1 are satisfied in D C C\Q* x C,

where Q* = {z € C and Re(p(2)) =p1 > ’%} and p(z) = p1 + ips.
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Now, we verify condition (iii) as follows:

, — Re ~ B)iu (p—B)u
Reigliunm)} = R {(p g 2+(p—7)(p1+z‘p2)+7+a1—p}

=Pl tr+ra—pl(i+u)
2{[(p =N pr +7+ar—p* + [pa(p — )}

By applying Lemma 1, h;(z) € P(i = 1,2). This completes the proof of
Theorem 3.
Theorem 4. The following inclusion relation holds:

Tl:,p,q,s (&1 +1, 7 5) C TI:,p,q,s (041, v, B) . (214)

Proof. By applying (1.10) and Theorem 3, it follows that

f(z) € Tp,qs(a+1,7,0)
2f (2)

~ T S Tk;7p7q,s (al + 17’776) =

And f(Z) S Tl:,p,%s (Oéla/)/mg)

z ' zZ
fp( ) € Tk,p,q,s (0417%5)

the proof of Theorem 4 is completed.

Theorem 5. If f(z) € Ugpqs(a1,7), Then J.,(f)(z) is given by (1.6) also
belongs to the class Uy ;. 4.s(1,7).

Proof. Let f(z) € Ugpqs(c1,7) and set

2 (Hpgsl0)Jep(NE) _
Hpvms(&l)Jc,p(f) (Z) B <p 7) h< ) i !
= (+3) =m0 - (§-3) 0-nmE 1. @)

where h; is analytic in U with h;(0) = 1. From (1.6), we have
2 (Hpgs(01)Jep(f)(2)) = (p+ ¢) Hpgs(an) f(2) = cHpgs(a1) Jep(f)(2) (2.16)
Then, by using(2.15) and (2.16), we obtain

Hy (1) f(2)
Hygs(a1) Jep(f)(2

(c+p) e (p— ) h(z) + 1. (2.17)

2 (Hpgs(0)f(2) ) (p —7)2h'(2)
( )—(p—v)h(2)+7+(p_v)h<z)+7+C€Pk(pm)-

(2.18)
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This implies that

(p — 7)zhi(2)
(=) hi(2) +7v+e¢

Re{(p—’y)hi(z)—i- } >0 (z€eU;i=1,2). (2.19)

We form the functional ¢ (u,v) by choosing u = h;(z) and v = zh;(z) :

(p—)v
p—Y)u+vy+c

¢Ww%=@—vw+< (2.20)

Clearly, conditions (i) and (ii) of Lemma 1 are satisfied. Now, we verify con-
dition (iii) as follows:

Rd¢awﬂ@}:R@%p_7WQ+( (p—7)u }

p—7)iug+y+c
1 2 —
2[(v+e) + (p =) uj]
Therefore applying Lemma 1, h; € P(i = 1,2) and consequently h € Py. that

is Jep(f)(2) € Ukpg,s(a, 7).
Theorem 6. If f(2) € Vipqs(a1,7), then J.,(f)(2) € Vipgs(a1,7).
Proof. By applying Theorem 3, it follows that

f(Z) € Vk,p,q,8<a17 7)
2f (2)

=4 T € Uk,p,q,s(alafy) = JC,Z’(

2 (Jep()(2))

) € Uk,p,q,ﬁ(a177>

2f (2)
D

=

p
Ang ‘]CJ?(f)(Z) € Vk,p7q7s(041,”y),

the proof of Theorem 6 is completed.
Theorem 7. Let ¢ > —pand 0 <~y < p. If f(2) € T} pqs (1,7, 5), then

Jc,pf(z) € Tk,p,q,s (041, e 6) :

Proof. Let f(z) € Ty 4.5 (1,7, 5). Then, by (1.8), there exists a function
9(2) € Uzpqs(a1,7) (0 <y < p) such that

€ Uk,p,q,s (0417 PY)

!

2 (Hp,g.s(01)f(2))

Hy qs(a1)g(2)

€ Pr(p,8) (0<B,7v<p).

By putting ,
Z (Hp,q,s(OZl)Jc,pf(Z» =B+ (p _ 5) h(Z), (2.22)

HIM],S (Oél)Jqu(Z)
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where h(z)of the form (1.11). From (2.16) and (3.22) that

’

(c+p) 2 (Hpgs(01) f(2) = 2 (Hygs(01)Jepg(2)) 1B+ (p — B) h(2)]

+(p—0) Zh/(z)Hp,q,S(al)Jc,pg(z) +cz (Hp,q,S(a1>Jc,pf(2)>, - (2.23)
Now, by applying the identity (2.16) for the function g(z) in (3.23), we get

!

z (Hp,q,s(al)f<z)) o o 5 Hp,q,s<a1)‘]6,pg<z) (p — B) Zhl<z)
A ) B A 7P T VT R CEr)
(2.24)
Since g(z) € Uspqs(ar,vy) , we conclude from Theorem 5 that J.,g(z) €
Uzpq.s(a, 7).
Let
St (0 2)ple). Be ()} > 0.
Thus (3.24) can be written as:
e (Hpgula)f(2)) 5 (o (p—B)=h'(2)
Hpgs(01)g(2) =g (c+7)+—7)piz) (229

We form the functional ¢(u,v) by choosing u = h(z), v = zh'(z), in (3.25)
as follows (v 5)
p—0B)v
o(u,v) =(p—pP)u—+ )
o) = 0 e e T -0

Clearly, conditions (i) and (ii) of Lemma 1 are satisfied D C C x C. Now,
we verify condition (iii) as follows:

. . (P—ﬁ)%

e (@i )y = Re{ =B+ g
(p—B)[(c+7)+ =) pi(x,y)] v

[(c+7)+ (0= ) pr(z, 9))* + [(p— 7) p2(2,y)]
(p—0B)[(c+7)+ (p—7) pr(z, )] (1 +ud)

2{[(c+ 1)+ (=N pilmy) + (0 — ) pal, )}
< 0.

<

Hence Re{h(2)} >0 (z€ U)and J.,f(2) € Tkpqs (01,7, ). This com-
pletes the proof of Theorem 7.

Similarly, we can prove the following result.

Theorem 8. Let ¢ > —pand 0 <~y <p. If f(2) € T, . (a1,7, ), then

chpf(z> S T]:,p,q,s (Oél, s ﬁ) .
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Theorem 9. If f(z) € Vipqs(aq +1,7), then f(2) € Vi pqs(a1,7) for

1
2| <o =10 = 1] : (2.26)
VA+ (A2 - |2 — 1))}
— 1
where A = 2(s + 1)2 + |u> — 1, with p = yto TP 4 —1and s = ——.
b= p—=7

This radius is the best possible.
Proof. We begin by setting

z ( pqS(Oﬂ)f(Z))
Hpgs(a1) f(2)

=({p—7) h(z) +v

= (1+3) =m0 - (§-5) G- +7), @2

where h; is analytic in U with h;(0) = 1,7 = 1,2. Using the identity (1.5) in
(2.27).

| {zg@w@q+Uﬂ@Y_7}

p—7 Hp,q,s(al =+ 1)f<2)

(1) (p =) 2H (=)
M T (a9 (=)

_ (k1 ; (1/ (p — 7)) zhi(2)
a <4+2){h1()+h1(2)+((7+0¢1—p)/(p—7))}

(N e (1/ (p = 7)) zhi(2)
(4 2> {hz( )+ ho(2) + ((v+a1—p)/(p—7)) } ’ (2.28)

where Re{h;(z)} > 0 for i = 1,2. Applying Lemma 2 with s = and
p—=7
— w 7& —1, we get
p—7

(1/ (p — 7)) zh;(z)
(2)+(v+oa—p)/(p—"))

where 79 is given by (2.26). This completes the proof of Theorem 9.
Theorem 10. Let ¥ be a convex function and f(z) € Usy4s(a1, 7). Then
G € Uzpgs(ar,v), where G = U x f.
Proof. Let G = U % f. Then

Re {h,(z) + . } > 0 for |z| < ro, (2.29)

Hy gs(1)G(2) = Hpgs(ar) (¥ f) = W(2) Hpgs(1) f(2)- (2.30)
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Also, f(z) € Uzpqs(ai, ). Therefore H, , s(a1)f(2) € Us(p, 7). By logarithmic
differentiation of (2,30) and after some simplification, we obtain

!

2 (Hpas(@)GE)) W) P2 Hygol01)f(2)
pHpﬂ,s(Oél)G(Z) N \I}(Z) * Hp,q,s(al)f(z) ) (2.31)

where F' = 2z (Hp,q’s(al)f(z)), /PH, 4 s(a1)G(2) is analytic in U and F(0) = 1.
From Lemma 3, we can see that (z (Hquys(al)G(z))l /pHp7q78(a1)G(z)> is con-

tained in the convex hull of F'(U). Since (z (Hp7q7s(a1)G(2)), /pHM,S(al)G(z))
is analytic in U and

!/

F@nzgz{w:z“%%JQQW@” ePpﬂ}, (2.32)

PHpq.s(a1)w(2)

then <z (Hpvq,s(al)G(z))/ /pHpvqys(al)G(z)> lies in €, this implies that G =

U felUyypgs(ar,y).

Remarks.

(1) Putting different values of the parameters of H, , s(v1) f(#) in our results,
we obtain corresponding results for many other operators.

(ii) Putting p = 1 in the above results, we obtain corresponding results for
the operator H, s(aq).

Open Problem

The authors suggest to study these classes defined by the operator

. = (l+p+r(k—p\"
L/\7p7lf(z) = X+ Z ( H_; )) apz”
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