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Abstract

We consider the partial operators on K = [0, +o0[xR

0
Dy = —
Y
D ——2+((2a+1)coth + tanh )3— ! a—2+(a+1)2
27T o2 4 Y dy  cosh?®y 062 ’

where a € R ,a > 0.
For a =n—2,n €N, n > 2, the operators D, and Dy, — (« + 1)? are
used to study a harmonic analysis associated to Harish-Chandra’s
spherical functions ou Riemannian symmetric spaces.(see [4|p.72)
In this paper we give first harmonic analysis associated with the
operators D;, D, (see [5]), next we define the wavelets and the
generalized windowed transform and we prove for this transform
Plancherel and inversion formulas.

Keywords: Partial differential operators; Wawvelets; Generalized windowed
transform.
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Introduction

Let g be a non negligeable square integrable function on R? with respect to
the Lebesgue measure. The classical windowed transform ¥, is a transform
which replace the usual Fourier transform on R? of a function f is given by:

B0 = [ Fedon (s, Ay e R

This transform is the product of the analyzed function f by the function
gxy called the classical wavelet defined by

—i<A\ > 729(y)
| 7291]2

Dy(x) =e
with 7, the classical translation operator defined for z € R?, by

7.9(y) =g(x —y), yeR?

The function g is called windowed function.
We prove for the transform ¥, Plancherel and inversion formulas.

In this paper, we introduce first the harmonic analysis associated with the
operators Dp, Dy (generalized Fourier transform, generalized Paley-Wiener
transform, generalized Plancherel theorem, generalized translation operator
Tiy.0), (y,0) € K, and generalized convolution product)(see[4]).

Next, we consider a non negligeable function g on K, and its translate T, 9)g
and we study first the properties of its L?-norm ||T(y) 9|2 with respect to
the measure

Aq(y)dydd = 2% (sinh y)?*+! cosh ydyd#, (y,0) € K.

and we prove for all (y,0) € K that the function ||T(, ¢)gl|a,2 is different from
Zero.
We define the wavelet IO0).(.0) associated with the operators Dy, Dy given by

T(y,@)g<x7 T)

Iora, () (T T) = P2(2,7) T 9llie

By using these wavelet we define the family of generalized windowed trans-
form, ®3(f),
s € R, associated, with the operators Dy, Dy given for regular functions f on
K by
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‘I’E(f)((%u%(yﬁ)):/’Cf(%T)(gfx,#),@,e))*(%T)Aa(x)dwdﬂ (A, ), (y,0) € K,

where
V(l', 7—) € ,Cv (ng,u),(y,ﬁ))*(xa 7_) = g(s)\”u),(yﬂ) (3:7 _T)7

and we prove for this transform Plancherel and inversion formulas.
The contents of the paper is as follows:

In the first section we give the main results concerning the harmonic anal-
ysis associated with the operators Dy, Ds.
We study in the second section the generalized translation operator associated
with the operators Dy, D>.
The third section we define and study the Wavelets associated with the oper-
ators D1, Do
In the fourth section is devoted to an example of wavelets associated with the
operators Dy, Dy .
In the last section we give the generalized windowed transform associated with
the operators Dy, Ds.

As example we give the Gaussian wavelets and the Gaussian windowed
transform associated with the operators D1, D.

1 Harmonic analysis associated with the op-
erators D, D,

Notations. We denote by

- £.(R?) ( resp. D.(R?) ) the space of C*™-functions on R? even with respect

to the first variable ( resp. with compact support even with respect to the first

variable).

- S, (R?) the Schwartz space of functions on R? even with respect to the first

variable.

-T={(\pu) eRxC/[Imu| <a+1}U{(\pn) € RxC/u=1n,
n>—(a+1),\==x(a+2m+

1+ n),m € N}.

We provide these spaces with the classical topologies.

We consider the following system of partial differential operators defined
by
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)
0
Dy = a—2+((2a+1)coth + tanh )ﬁ— ! a—2+(a+1)2
2T Oy? y 4 dy  cosh?y 062 ’
(1.1)
where (y,0) € [0,+00[xR and o € R ,a >0
We denote by ¢, ,(y,0) the is the unique solution of the system
DU =i\, A e C;
DyU = — 12U, e G,
2 2 5T K (1‘2)

Proposition 1.1 For every (A, 1) € C x C the unique solution of the system
(1.2) is defined by

Prul(y,8) = e (coshy) o[V (y) = eV (coshy) oM (y) (1.3)

where gpff"A) 1s the Jacobi function defined by

a+A+1+ip a+A+1—1iu

i , 5 , o+ 1; —sinh®y).

0N (y) =2 Fi(

o Fy denotes the hypergeometric function (See [6])

Corollary 1.1 1. For all (y,0) € K, we have

V()\,,u) S Fv |§0)\7u<y76)‘ S 1. (14)

2. For all (y,0) € K, the function (X, 1) — @x,(y,8) is analytic function
on C? .

3. For all (y,0) € K, X € C, the function p1 — ¢y ,(y,0) is even satisfies
the relation

Oau(y,0) = 02y, 0). (1.5)

4. Forall (A, ) € CxC, the function (y,0) — i u(y,0) is a C=- function
on K .
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Proposition 1.2 The function ¢y ,, (A, pn) € C x C, satisfies the following
product formula

1. If a > 0 then for all (y,0), (z,7) € K,

oxu(y, ) oz, 7) = g/ @ ulcoshy cosh ze" ) sinh y sinh 2€] x (1—|€]2)* ' dm(€)
T Jb
(1.6)
where D is the unit disk of C of center o and dm(&; + i&;) = d&1d&y

2. If a« =0 then for all (y,0), (z,7) € K

1

27
oauy, ) oru(z, 7) = %/ @ ulcosh y cosh ze' ) ysinh y sinh ze™ | dy.
0

(1.7)

1.1 The Fourier transform associated with the opera-
tors Dl, D2

Notations. We denote by:

- C(R?) the space of continuous functions on R? even with respect to the first
variable .

- L) (K), 1 < p < o0, the space of measurable functions on K such that

1l = ([ 110 0P Aulo)dnd)? <400, if 1< p<+oc.
where A, is the function defined by:
Yy € [0, 400[, Aa(y) = 22+ (sinh 3)2*** cosh y. (1.8)
and
flace = €ss supypex|f(y, 0)| < +oo, if p=+o0.

-C={(\p) eCxC/AeR,u>0}
-D ={(\p) € CxC/A € R,—ip=n>0,Ci(A\,—pu) =0} = {(A\p) €
RxC/p=1n,

n>—(a+1),A==x(a+2m+1+
n),m € N}
and
90+ (i) + 1)

a+A+1+ipu a—A+1+1iu
e

Ch ()‘7 :u) =

. (1.9)

I'(
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B0 1) = IO e )M+ s Col i) p ) A
(1.10)

where for (Ao, 1) € D we denote by

Co (X0, o) = Res =y, [C1 (X0, 1)-C1(No, —p)] (1.11)
- LP (6’ U D, d~y) the space of measurable functions on C U D such that

11l = ( / PR <o, if 1S p <+,

1 flleo = €55 supy pecuplFOum)| < 00, if p=+oc,

- H,(C?) the space of entire functions on C?, even with respect to the first
variable, rapidly decreasing and of exponential type. B
- HY(C?) the space of entire functions ¢ in H,(C?), rapidly decreasing on D

Vk e N, sup (14 A+ [u*)* [ (A, p)] < +o00
(A\n)eD

We provide these spaces with the classical topologies.

Definition 1.1 The Fourier transform associated with the operators Dy, Dy
of a function f in D,(R?) is defined by

V) € C2 F(f) () = /K (0000 ap(y.0) Au(y)dyde.  (1.12)

The following Proposition gives some properties of the transform F.
Proposition 1.3 For f € L} (K) we have

IF (oo < M flan- (1.13)

Theorem 1.1 The Fourier transform F is a topological isomorphism from

D.(R?) onto H?(C?).

Theorem 1.2 For every f € L% (K) such that F(f) € LYC U D, dv), we
have the following inversion formula

F(y.6) = /C o OF Oy (A ), aeon K (L14)

ub
Theorem 1.3 i) Plancherel formula: For all f in D.(R?) we have

/,< (. 0)2 Au(y)dydt = / FDO RO, (115)

Cu
it) Plancherel theorem: The Fourier transform can be extended to an isometric
isomorphism from L% (K) onto L*(C'U D, dy(\, p)).
(see [5-6]).
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2 The generalized translation operators asso-
ciated with the operators D, D,

Definition 2.1 The generalized translation operators Tiy g, (y,0) € I, asso-
ciated with the operators Dy, Dy are defined for f € C.(R?), by
i) If a > 0, for all (y,0),(x,7) € K

Tiyo) f(x,7) = %/Df[coshycosh 2e'@*7) 4 sinh ysinh 2€](1 — [£])Ydm(€).

(2.1)
where D is the unit disk of C of center o and dm(&; + i&;) = d&1déy
it) If a =0, for all (y,0),(x,7) € K

1 27 ) ]
Tyo f(x, 1) = Py /0 flcoshy cosh ze"®*™) 4 sinhy sinh ze™]d¥  (2.2)

Proposition 2.1 For f € C,(R?) we have
i) For all 0 € R,

T(O,@)f<x77_) = f(:c,9 + T)

ii)For all (y,0), (z,7) € K,
T(yﬂ)f(x? T) = T(%,T)f(iya ‘9)

Tiy0) 0 Tiwir) = T(a,r) © Ty ,0)

T(070) - Id

Proposition 2.2 The generalized translation operators Ty, (y,0) € K, sat-
isfy:

i) For every bounded function f in C.(R?) and for all (y,0) € K, the function
Tiy0)f belongs to C.(R?).

i1) (Product formula) For all (y,0),(z,7) € K and (\, n) € C* we have,

Tiy0)Pru(®,T) = ©xu(y, 0)ox u(x, 7). (2.3)

Definition 2.2 The translation operators T(,q), (y,0) € K, associated with
the operators Dy, Dy are defined for f in L4 (K) , by

V(A 1) € T, F(Tiyo) )N 1) = oxu(y, OF (f) (A, ). (2.4)
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2.1 The convolution product associated with the oper-
ators Dy, Dy

Definition 2.3 The convolution product associated with the operators Dy, Dy
of two functions f and g in D,.(R?) is defined by

f*g(y,0 / [, 7)Ty 0 9(x, —7)As(x)dxdr, (2.5)

Proposition 2.3 i) Let f,g be in L% (K). Then the function f* g given
for (y,0) € K, by

£ g0y, 0) !/fwfﬂww( ) Aa(z)dadr, (2.6)

1s continuous on K, tends to zero at infinity, and we have

sup | f* g(y, 0)| < || fllaz2llgla2- (2.7)
(y,0)eK

i) Let f be in L2 (K) and g in L} (K) then,
- the function f % g defined almost everywhere on IC, by

fxg(y,0 /f 2, 7)1 y09(x, =) As(z)dzdrT, (2.8)
belongs to L% (K) and we have

Lf * gllaz < 1 fazllglla (2.9)

and

F(f+g) =F(f)F(9). (2.10)
2.2 Properties of the L?-norm of the generalized trans-

lation operators of functions of L} (K)N L% (K)

Proposition 2.4 For (y,0) € K and f € Lia(lC), the function Tiy g f belongs
to L% (K) and we have
| Ty.0) fllaz < [ fllaz. (2.11)

Proposition 2.5 Let g be a function in LY (K)N L% (K).
i) We have for all (y,0) € KC,

Wmm@:é5MMMMHMmWMwm (2.12)
@]
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it) We have
Tty0091%2 = Two (g *g*)(y,0), ae on K, (2.13)
with
9" (y,0) =gy, —0). (2.14)
Proof.

i) From Theorem 1.3 and (2.4), we have for (y,0) € K,
Tongll2s = /K Ty (@)t 7P Au ()t
= [ 1FTa9 i)
CuD

- /Mm,u(y,e>|2|f<g><A,u>|2dv<A,u>.

ii) As the function g is in L} (K)N L% (K),then from (2.8) , the function
g * g* belongs to L% (K) and from (2.4),(2.10),(2.9),(1.5),we have for (y,0) €
K,V ) € CUD:

F(Two)(g=g" )M p) = @auly, 0)F (g g")(A 1)
= oauly ) F(9) (A 1) F(g") (A, 1)
= oauly, ) F(9) (A ) F(g) (A, ).
Thus,
F(Tiyo) (g% g 1) = o2y, )| F(g) (A, 1)
On the other hand, from Theorem 1.3 and (1.4), we deduce that F (T, ¢ (9*9"))

belongs to Ll(é uD, d7). Thus from Theorem 1.2 we deduce that for almost
all
(z,7) € K, we have

Tyo) (9% g) (2, 7) = /CUD P, 7)oy, O F (9) (A, )Py (A, ). (2.15)

We deduce (2.13) by taking (x,7) = (y,#) in this relation and (2.12).

Proposition 2.6 Let g be a non negligible function in L} (K) N L4 (K).
Then,
i) The function

(y,0) — ||T(.0)9|a,2 is continuous on K. (2.16).

it) For all (y,0) € K,
1T y,0)9la2 # 0. (2.17)
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To prove this proposition we need the following Lemma.

Lemma 2.1 We consider an entire function f on C*, and N = {\ € R?, f()\) =
0} it’s set of real zero. Then the Lebesque measure of the set N is equal to
zero.

Proof
We write the function f(\) in the following form

FO) =D aax, (A= (A, M) €C?)

a€eN2

where a,, are complex constants and A* = A'A\5%, a = (aq, ag).
We write f/gz the restriction of f on R? by

VA€ Rgv f/RQ(/\) = ¢1()‘) + ZgbZ()‘)a

where ¢; and ¢, are real analytic functions.
More precisely for all A € R?, we have

G1(A) = D Re(aa)X",

aeN2
and
$a(A) = > Im(aa) A",
aEN?
Then
N = Ny, N Ng,,

where Ny, and N, are respectively the set of real zero of the functions ¢; and
-

On the other hand, the set of zero of a real analytic function is of the form N =
S1U Sy (disjoint union) where S; is a sub-variety (real analytic) of dimension
j. The set S; can be empty.

But it is well known that the Lebesgue measure of any sub-variety of R? of
dimension 1 is equal to zero. Then the Lebesgue measures of Ny, and Ny, are
equal to zero and thus the Lebesgue measure of N is equal to zero.

Proof of Proposition 2.6

i) From Proposition 2.5, we have

. x5 O1F () (A, )Py (A, ).

V(y,0) €K, |[TiyogllZs = /

For all (A, ) € C U D, the function (y,0) —» loxu(y, O F(g) (N, )| is
continuous on K and bounded by |F(g)(\, )|? which is in L(C' U D, dv), then
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from the dominated convergence theorem, the function (y,60) — ||1(y.0)9|a.2
is continuous on K.
ii) - If (y,0) = (0,0), we have

1 T0mllaz = llgllaz # 0.
- If (y,0) € K\{(0,0)}. Suppose that there exists (yo,0) € K\{(0,0)} such
that

HT(yoﬁo)gHa,? =0.

From Proposition 2.5, we have

/5 oo 601 F(9) (A )Py (A 1) = 0.

uD

The function (A, 1) — i . (vo, 0o) is even with respect to the variable p and
entire on C2. We denote by N,(vo,00) = {(\, 1) € C, ©x,.(y0,00) = 0}. We

have

[ onnlyo, B0)PIF(9) 0 )Py (A pr) = /N oo OPIFO P9

CuD

+ / orn (80, 00) 21 F (9) s ) Py (A, 1) = 0,
NE (yo,00)

where N&(yo, 6p) is the complementary of N, (yo, 0o).
From Lemma 2.1 the Lebesgue measure of N, (yo,6) is equal to zero. Then

/ o (510, 00) 21 F (9) s 1) Py (A, 1) = 0.
NE (yo,00)

Thus for all (A, 1) € NE(yo, 0), we have

[F(g)\ m) = 0.
On the other hand from the relation (1.15) we have

ol = /C F@ )P

- [ Fwemtatm [ e

N&(yo,00)

By applying to this relation the fact that the Lebesgue measure of N, (yo,00)
is equal to zero and the relation (2.18), we deduce that

[19lla2 = 0.
This contradicts the fact that ||g||a2 # 0.
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2.3 The Gauss kernel associated with the operators D, D-
2.3.1 Definition and properties of the heat kernel F;

Definition 2.4 The heat kernel Ey,t > 0, associated with the operators Dy, Dy
18 given by

Y(y.0) € K, E,(y,0) = /C e D oy, 0)dy (N, ). (2.19)
ubD

The function Ey,t > 0, possesses the following proprieties
The function Ey,t > 0 is of class C* on K
i) We have
|| Et]|a1 = 1. (2.20)

i) For all (A, u) € TU{(0,i2)}, we have
F(E)\, p) = e O Hw2+5), (2.21)
iii) For all £ > 0, s > 0, we have
V(y,0) € K, E,x FE(y,0) = E;s(y,0). (2.22)

2.3.2 Properties of the L>-norm of the Gauss kernel

The Gauss kernel E(t, (y,6),(x,7)) associated with the operators Dy, Dy is
defined by

E(t, (y,0), (z,7)) = Tyo (E)(x, 7). (,0),(z,7) € K, (2.23)

Remark 2.1 By using the relation (2.19) and (2.4), the relation (2.23) can
also written in the form

V(. 0), (z,7) € K. B(t, (5, 0), (2.7)) = / O o (4 0) o (s —T)dy (N ).

CuD
(2.24)
Proposition 2.7 i)For all t > 0 we have
Vi@, 7)€, B (2,7),(, )z = B2, (2,7), (2, 7). (2.25)

ii)For all t > 0 we have

E(2t,(y,0), (y,9)) < |E]7.2. (2.26)
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Proof.
i) From Proposition 2.5 ii), the fact that the function E; belongs to S, (R?)
and the relations (2.22),(2.23), we have

V(az, T) €K, HE(t> (‘Ta 7—)7 ('7 '))Hi,Q = T(LT)(Et * (Et)*)(x/r)
= T(I7T) (Egt)(l‘, T)
= B2t (x,7),(z,7)).

ii)From the relations (2.23) ,(2.25) and (2.11) we deduce that for all ¢ > 0
we have

E(2t,(y,0), (y,9)) < [|1E[7.2.

Remark 2.2 From Theorem (1.1) and (2.23) we deduce that the function
E(t,(y,0), (z,7)) is bounded.

3 Wavelets associated with the operators D, D,

We consider in this section a non negligible function g in L} (K)N L% (K).
Notation. We denote by M? (K), s € R, p = 1,2, the space of measurable
functions on IC, such that

A (y)dydd

2(s—1
1 T091125 7"

111, = [ 1 00P

Remark 3.1 From the relation (2.11), we deduce that
-Ifs<1. L5 (K) C M?(K).
SIfs=1. MP(K) = IV, (K).
-Ifs>1. Mb (K) C Lf) (K).

Definition 3.1 Let (\, pu) € C U 5,(@/,9) € K and s € R. The family of
wavelets {Q(SA7“),(y79)}seR associated with the operators Dy, Dy is defined on K
by

T(y,@)g(x7 T)

7 (3.1)
| ’T(I,T)g| ’a,2

Qfx,u),(y,e)(xa 7) = oaul(, T)

Proposition 3.1 We suppose that the function g is such that, for all (y,0) €
K

and s € R, the function (z,7) —
(resp. L5, (0) N M2, (50).

Then the function g} . belongs to LY (K) N L5 (K) (resp. L3 (K) N
M3 (K)).

T(y,@)g(xa T)

Toan s belongs to LY. (K) N L3 (K)
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Proof.
We deduce the results from the relations (3.1),(1.4).

Proposition 3.2 Under the hypothesis of Proposition 3.1 and if moreover
T
i) for s < 1. For (x,7) € K the function (y,0) — w09, 7)

18 continuous
) ||T(x,‘r)g| |fy,2

from K into L7 ,(K).

T(y,e)g<x7 T)

18 continuous
1 Twm 91132

it) For s > 1. For (z,7) € K the function (y,0) —

from K into M, (K).
Then,
i) For s < 1. The function (A, p), (y,0)) —> 9{\ .0 i continuous from
CUD x K into L3 (K).
it) For s > 1. The function (A, p), (¥,0)) —> 90\ 4.0
CUD x K into M (K).
Proof. L

i) If s < 1. Let ((Ao, o), (yo,6p)) € CUD x K. Using (3.1) and the fact
that T(y.09(x, 7) = T(2,19(y, ) we obtain

‘ |g(s>‘uu')’(y70) o g(s)‘O,,LLO)’(yOﬁO) | ’a,2

) s continuous from

T(z,-)9(y,0) Tz, 7)9(y0,00)

< lleromn (@ 7) (5 — T naline a2
T(w,7)9(¥0,00)

+ ||((,0)\”u($, T) — Pxo,uo (l‘, T)) \f;“(;)j)gﬁgz ||o¢,2

T(z,r)9(y,0) T(z,7)9(y0,60)
110, 7) = Do (0, 7)) (220 Themalntoly

Using (1.4), we get

19, 0)  Twr9(yo, 0)
w)gHZQ HT(r,T)gHi,z
Tie,r9 (Yo, 0o) |
N Temglls o

s s T(J»’v
190.20.00) = S0 otz <3l o2

+ |‘<90>\,ﬂ(x7 T) - 90/\0,u0<x7 T))

a,2

From hypothesis i) we obtain

T(m,T)g(y7 9) T(x,T)g(yOa 90)

lim — Ha,2 =0, (3~2)
@0)—w0.00) || Tm9lle  Twm9llie

and from Proposition 3.1, the relation (1.6) and the dominated convergence
theorem, we get

Tiamy9(Yo, 0o)

lim x,T)— r,7T)). wo = 0. 3.3
(M) = (Xos0) 1602 7) = 200 (2, 7)) | Twm 91152 oz (3.3)
Using (3.2),(3.3) we deduce that
hm ||ng7“)7(y79) - g(s>\07#0)7(y0,90)||0472 — 0

(()‘Hu)7(y7‘9))*>(()‘07/»‘0)’(y0 »90))
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ii) If s > 1. Using the same proof as for case s < 1, by changing the

Ao (z)d .
measure A, (z)dx by the measure % we deduce that the function
T(w,T)g a,;_
(A y) — G{\ ) (.0 1S continuous from CUD x K into M (K).
4 Example

As an example of the function g considered in the previous section, we take
the heat kernel E;, t > 0, associated with the operators Dy, D;. We obtain
the Gaussian wavelets associated with the operators Dy, Ds.

Definition 4.1 Let (A, p), (y,0)) € CUD x K . The family of Gaussian
wavelets Gf/\7ﬂ)7(y’9) given by

s T(:C,T)Et (y7 8)
Gl o) (@ 7) = oau(@, 7) T B0, O (4.1)

Remark 4.1 The family of Gaussian wavelets Gfx\,u),(yﬁ) 15 also given by

E(t, (y,0), (x, T
Glrm. o) (@ T) = Pau(@, 7) (E(Qz(f, (S:y r)), (<93, T)))))S/ 2

E(t, (y,0), (x,7))
(B2t (z,7), (x,7)))*/?
belongs to Ly (K) N Ly (K) (resp. LY (K)NM:? (K)), then from the Propo-
sition 3.1 the function Gy , 4 belongs to LY (K) NL% (K) (resp. LF (K)N
Mg (K)).

Proof.
From the relations (2.23),(2.25) and (2.26), we deduce that there exists a pos-
itive constant My(¢) such that for all (y,0) € K, we have

E(t (y,9), (z, 7))
(EQt, (z,7), (2,7)))*/
We obtain the result asked from (1.4), the continuity of the function

Bt (y,9), (@, 7)) on IC, an e relation
B2t (v.1), (z.7)) 7 o K and the relation (4.3).

(4.2)

Proposition 4.1 Forall (y,0),€ K and s <0, the function

Y(z,7) € K, < My(t). (4.3)

(x,7) —>

5 The generalized windowed transform asso-
ciated with the operators Dy, D,

In this section, we take a non negligible function g in L} ()N L% (K) satis-
fying the hypothesis of Propositions 3.1, 3.2.
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Definition 5.1 Let s € R. The generalized windowed transform ®; is defined
for reqular function f on IC by

‘Pf,(f)((%u),(y,@))=/Kf(x,T)(gfx,u),(y,@)*(%T)Aa(m)dwdﬂ (A, 1), (y,0)) € CUDXK,
(5.1)

where
V(QT, 7-) € ’Ca (g(s)\,u),(yﬁ))*(xv T) = g(s)\7u)7(y79) (l’, _7-)‘

Remark 5.1 The relation (5.1) can also be written in the following two forms.

Do A, (5.0) = <HT*(DT{|> 0. (5.2)

where x is the convolution product defined by (2.6).

Tiy,0) (9*)

i DO 0) = F(

)(_)‘au)v (53)

where F is Fourier transform associated with the operators Dy, Dy given by

(1.12).

5.1 Plancherel formula for the generalized windowed
transform

Theorem 5.1 For all s € R, we have for the transform ®; the following
Plancherel formula

L 19500 . 0D 10 Ayt = 111

This formula is true for the functions of the following spaces.
i) Ifs<1. felL? (K).

i) If s > 1. f e M (K).

Proof.

T *
i) If 5 < 1. For all (3,6) € K, the function ~2 )7

| |T(m,7')g| |Z,2
Tiy0)(g") (@, 7)
| |T(x,7')g| |Z,2

is in LY (K) and as

fisin L3 (K), then the function (z,7) — f(x,7)

belongs to
L% (K). Thus, from (5.3) we deduce that
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L [ 1000 00D P At (0,

= [ e Lo Astdudss ()
CuD |T( ||a2

From Theorem 1.3, the fact that

||T(x77)<g*)||a,2 = ||T(x,r)(g)||a,2

and Fubini-Tonnelli’s theorem we obtain

L] @ 0) P ) At

2
K# / Tty.0)9 (2, 7)|* Aa(y)dyd6) Ao (z)dzdr
|f (2, 7))
- A, (z)dxd
/f<||T<x,T>< PG (w)dwdr
= /13,

ii) If s > 1. We obtain the result in this case by using the same proof as for
the case s < 1.

5.2 Inversion formula for the generalized windowed trans-
form

Theorem 5.2 For all s € R, the transform ®; admits the followmg INVErsion
formula. Let S, , be the subset ofCN’ UD and lim Sp.qg = CuD

(p,q) =00
Then we have for (z,7) € K

flw,7) = pql)linJroo/s /(I)S (A1), y’e))gku) (yG)( 7) Aa(y)dydody(A, ).
(5.4)

the limit is in L2 (K). This formula is true for the functions f of the following
spaces.

i) Ifs<1. felLl (K)nL? (K).
i) If s > 1. fe M, (K)ynM: (K).

To prove this theorem, we need the following lemma.
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Lemma 5.1 For all (\, ;) € C U D, the integral
/ @Z(f)(()\, :u)a (y7 6))9(2;7;)7(%9) ((L’, _T)Aa(y)dyd07 (55)
K

is absolutely convergent and satisfies for all (A, p),(y,0) € CUD x IC, the
following relation

[ B O 0015 =7 A )yl = H (F Ty (549 (=, 1)
(5.6)

These results are true for the functions f of the following spaces.
i) Ifs<1. felLy (K)nLj (K).

i) If s > 1. fe M, (K)ynM: (K).

Proof L
) If s < 1. Using (1.4), we have for all ((\, p), (z,7)) € CUD x K,
/ BN 1), (9, 0)9%5%, 0 (2 —) [ Aly)
1

STy 2D ) (y ODIIT , =7 Aa(y)dyde.
= HT(L_T)gHgY,Zs/,J SO 1) (y, O Ty.0)9(z, —T)Aaly)dy

Using Holder’s inequality and the relation (5.2) we obtain,

/K B2 (O 1), (1, 0)9%5% (0 —7) A ()t

1
WH ( )((Aau)v('7-))Ha,2HgHa,2
Hf\lalllgllag
T e < 00
HTac _ngll2s

Thus the integral (5.5) is absolutely convergent.
By using (5.2), we obtain for all ((\, i), (z,7)) € CUD x K,

RO 00057 =) Aal)?

_ H / (o ) F)xg™ (5, —0)) Tiyy9(x, —T>Aa§z>j)yd9-

But from the associativity of the convolution product associated with the op-
erators Dy, Dy, we get
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/}C[(%,u(-, ))*g" (Y, =0)) Tiy.0)9(x, =7) Aa(y)dydd = (px (- ) f)*(g%g") (z, =7)

= ‘F(f'T(a?,—T) (g*g*))(_)‘7 N)' (58)
Thus, we deduce (5.6) from the relation (5.7), (5.8).

ii) If s > 1. The same arguments used in i) imply the results of the Lemma
5.1 for the function f of the space My (K) N M2 (K).

Proof of Theorem 5.2.
i) If s < 1. Forall fin L} (K)NL% (K)and (z,7) € K, we have from
Lemma 5.1

/S ( / 5O ), (508753 10 —7)Aa(y)dydd)dr (A, )

1

- W s F(f Te—) (g % g )N =) au(@, =7)dy(A, ).
x,T a’2 ,q

As the functions f and g are in L} (K)N L% (K), then from Proposition 2.3 ,
the function (t, p) — f(t, p). T(z,—r)(9 % g*)(t, p) belongs to LY (K)N L% (K).
Then, from Theorem 1.2 and Proposition 2.5, we deduce that

. /s : <//c (N 1), (9:0)9650 (9 (#: =7 Aa(y)dyd) (A, )
1
TemdlZa’

= flz,7).

(@, 7). Tz, (g % g") (2, T)

i) If s > 1. Let f be in € M, (K)NM? (K). We obtain the result of this
case by using the same proof as for the previous case.

Theorem 5.3 We consider the function g in S.(R?). Then for all f in
S.(R*)and s € R, we have the following inversion formula, ¥(z,7) € K,

flary = [ [ SO0, 00025 0~ Aal) b %9)

Proof.
We deduce the relation (5.9) from (5.6), Proposition 2.5 and Theorem 1.2.
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6 Example

The Gaussian windowed transform ®¢, s < 0, associated with the operators
Dy, D5 is defined for regular function f by

B5(F) (0 ), (.6)) = /}C @, 7) (G o) (@ T An)dadr,  (6.1)

(\ 1), (y,0) € CUD x K where G0 18 the Gaussian wavelet given by
(4.1).

By applying to this transform the results of the previous sections we obtain
for the transform ®¢,, s € R, analogous Plancherel and inversion formulas.

7 Open Problem

In the future work I will to study the wavelet and the generalized windowed
transform on the generalized Sobolev spaces.
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