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Abstract

In the present paper, we obtain a generalized criterion for
meromorphic starlike functions. We claim that the result ob-
tained here, unifies some known criteria of starlikeness of
meromorphic functions.
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1 Introduction

Let X be the class of functions of the form
Fe =S e
z) = — anz",

< 0

which are analytic in the punctured unit disc Eg = E \ {0}, where E = {z :
|z| < 1} . A function f € ¥ is said to be meromorphic starlike of order « if
f(2) # 0 for z € Ey and

—R (ZJ{(S)) > a, (a<1;2€E).
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The class of such functions is denoted by MS*(«) and write MS* = MS*(0) -
the class of meromorphic starlike functions.
A function f € ¥ is called meromorphic convex of order « if f’(z) # 0 and

R (1+ ZJ{,/;(S)) >a,  (a<lzeE).

The class of functions defined above is denoted by MC(«) . The class " ()
of y— meromorphic convex functions of order « consists of functions f(z) with

f(2)f'(2) # 0 satisfying
3 2 2f"(2)
wla-m3g o ()

where « is real number and o < 1.
Nunokawa and Ahuja [2] have proved the following results.

Theorem 1.1. Let a < 0. If

rene(55)

>a, (z€E),

then f € MS*(«)
Theorem 1.2. Let a« <0 and v > 0. If

200 — 202 + ya
Z*
rex (B myt)

then f € MS*(«a)
Goyal and Prajapat [3] proved the following results:
Theorem 1.3. If f(z) € ¥ satisfies the following inequality
2f"(z) 2zf'(2)| _(1-a)B—a)
f'(z) f(z) 2-«a
then f(z) € MS*(«)
Theorem 1.4. If f(z) € ¥ satisfies inequality

[R5 -]

(0<a<l),

then f(z) € MS*.

The main objective of the present paper is to obtain a more general criterion
for meromorphic starlike functions of certain order A\, 0 < A < 1, A # % We
claim that our main result unifies certain known results implying meromorphic
starlikeness.
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2 Preliminaries

We shall need the following lemma of Miller and Mocanu [1] to prove our main
result.

Lemma 2.1. Let ) be a subset of C*> x E (C is the complex plane) and let
Y Q — C be a complex function. For u = uy +iug, v = vy + vy (uq, Uz, v1, Uz
are reals), let 1 satisfy the following conditions:
(i) ¥ (u,v) is continuous in );
(i1) (1,0) € Q2 and RY(1,0) > 0; and
(iii) R {9 (iug,v1)} <0 for all (iug,vy) € Q such that vy < —(1 +ul)/2.
Let p(z) = 1+ piz + pe2® + ..., be reqular in the unit disc E, such that
(p(2),2p'(2);2) € Q, for all z € E. If

R[(p(2), 2p'(2))] > 0,2 € E,

then R p(z) >0, z € E.

3 Main Theorem

Theorem 3.1. Let o, @ > 0, \,0 < A <1, A # 1 and 3,0 < 8 < 1, be
given real numbers.

) 1 . z2f'(z) , .
(i) For0 <A < 5 if a function f € %, B # 0 in E, satisfies
o [E (LN L (DY (L O] L
®[ S 1+ ) oo (-7 (1 ) = s 8
then f € MS*(\).
. 1 2f'(2) | :
(ii) For 3 <A<, let feX, B # 0 in E, satisfy
W[ (0O, (O (), ) )
o () +es (-7 (14 55| > e,

(2)
then f € MS*(\). Here

a(l=B)1=)) al-pH)(F 20N
2 11—

M(a,5,)\) =1 —a+af]\—

2a(} = A

afA
—T[\/ BA(L = B)] + =N (3)

1
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and

L_al=B) =) a(l=pg)(F - 2N

N(o, B,A) =1 —a+af] 5 X

204(% —A) afi X
= WAL = B)] + =N (4)
Proof. Define a function p by
)
=M -p(e) )

Then p is analytic in E and p(0) = 1. A simple calculation yields

e () e (- 7) 0 )

=1 —at+af)A+1-Np(z)] —al =B+ (1 - Np(2)]’

(1 =A)zp'(2)
A+ (1=XN)p(z)

Ta(l - B)(1 - V() - af

= Y(p(2), 20/ (2); 2) (6)

where,

Yu,v;z) = (1—a+ af)A+ (1 — Nu] — a1 = B)[A + (1 — Nu)?

+a(l - A)(1 - Ao - (m%

Let v = uy + tus,v = v + vy, Where uy,us,v1,vo are all real with v; <
—(1 4 u3)/2. Then, we have

R Y (iug, vy; 2)
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= (I—a+af)r—a(l—pB)[N\ —(1—-N>uj

|
Fa(l = A1 - Aoy — a0
]
)

)\2 + (1 —X)2u3

IA

(I —a+af)r—a(l = BN - (1- 1)
_ (1—ﬂ)(1— A+ u3 AL =N+ uj)
20X + (1= A)u3)

a(l =)L =N

— (I—a+ap)r—a(l—HAN2 -

2
ta(l—B)(1 - (— - /\) w2+ a A ;Zi)
= (I-a+af)d—a(l—pB)\ — 52)
*“1_@“_”(%‘0t+*36y12q;%
= ¢(t) (say), where us =t
< max ¢(t). (7)
Writing
u—a+amx—aa—ﬁnﬁ-“1‘@“_A):m
(-p-n(5-A) =
and
A J—
oA
we have |
o(t) = a+ abt + aQBC ( 212) :

Clearly, ¢(t) is continuous at t = 0. A simple calculation gives

rn afec (-1
¢'(t)=ab+ 5 <(02+t)2>'

and fe(l — &)
won  apc(l—c
P ="z

Now, ¢/(t) = 0 implies

aBe ([ -1
b =0
3 <«2+ty)
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2 Be(l — c2)
t=—c j:( Z—b)

pe(l —c?) 5 pe(l — 2)
5% =ty and —c"+ %
t1 < 0 and also, t; < ts.

which gives

Writing —c¢? — = t9, we observe that

1 A
Case (i). WhenO§A<E,thenc:ﬁ<1Sinceoz20, 0<p <,
therefore, b > 0. Hence,

&' (1) = —afe(l — 2) (2—b> <0

Be(l —¢)
Thus
max ¢(t) = ¢(t1)
= M(a,,A). (8)
Let

Q={w: Rw>M(a,[,\)}.

Then from (1) and (6), we have ¥(p(2), 2p/(2);2) € Q for all z € E, but in
view of (7) and (8), ¥ (iug, v1;2) ¢ Q. In the light of Lemma 2.1, from (5), we
conclude that f € MS*(\).

1 A
Case (ii). When 5 < A <1, wegetc= T 1.

3

1) = et - ) (5 ) <0

max ¢(t) = o(ts)

Let
Q={w: Rw>N(a,5,\)}.

Then from (2) and (6), we have (p(z), zp'(2); 2z) € 4 for all z € E, but in
view of (7) and (9), ¥(iug,v1; 2) ¢ Q1. By the use of Lemma 2.1, from (5), we
obtain that f € MS*(\).
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4 Deductions
Selecting = 1 in Theorem 3.1, we obtain the following result:

2f'(2)

e #0inE

Corollary 4.1. For a real number o, o > 0, let f € ¥,
satisfy the differential inequality

R (1—a)z}f<,i§)+a(1+2;/;i§))} >/\+2(f—j\)\), R,

1
then f € MS*(A), 0 < A< 1, A # 3"
Taking 8 = 0 in Theorem 3.1, we get the following result:

1
Corollary 4.2. Suppose that o, a >0, 0 < A <1, A # 5 are real numbers

and if f € X, ZJ{;S) # 0 in E satisfies the condition
[ (14 )]s el ol -2
%{f(z) 1+ 6 > (1—a)X 5 Ty ek,

then f € MS*()).
Selecting & = 8 = 1 in Theorem 3.1, we obtain the following result:

/
Corollary 4.3. If f € 3, L(Z) # 0 in E, satisfies

f(2)

. 2f"(2) N
3%(1+ f’(z)>>)\+2(1—)\)’ ek,

1
then f € MS*(V), 0SA <1, A+

5 Open Problem

In the present paper, we obtain the sufficient conditions for starlikeness of

1
order A\, (0 < A < 1,\ # 5) of meromorphic functions. The problem is yet

1
open for starlikeness of order A = 3 of meromorphic functions.
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