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Abstract

The aim of this paper is to obtain a coupled coincidence point
theorem and a common coupled fixed point theorem of contractive
type mappings involving rational expressions in the framework of
a complex-valued metric spaces. We also improve the result ob-
tain by Jhade and Khan ”Some Coupled Coincidence and Com-
mon Fixed Point Theorems in Complex-valued Metric spaces, Ser.
Math. Inform. 29, (4) (2014), 385-395”. The results of this
paper generalize and extend the results of Kang etal. ”Coupled
Fixed Point Theorems in Complex Valued Metric Spaces, Int. J.
of Math. Analysis, 7(46) (2013) , 2269 - 22777, in complex-valued
metric spaces..
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1 Introduction and Preliminaries

In 2011, Azam et al. [2] introduced the notion of complex valued metric
space which is a generalization of the classical metric space. They established
some fixed point results for mappings satisfying a rational inequality. The
idea of complex valued metric spaces can be exploited to define complex val-
ued normed spaces and complex valued Hilbert spaces; additionally, it offers
numerous research activities in mathematical analysis.

Let C be the set of complex numbers and 21,29 € C, we define a partial
order < on C as follows:

21 R zp ifand only if Re(z1) < Re(z2) and Im(z) < Im(z).
It follows that z; < z5 if one of the following conditions is satisfied:

(22) (21) = Im(z2);

< Re(zy) and Im(z1) = Im(z);

(22) (21) < Imn(zo);

(z2) and Im(z1) < Im(z2).

In particular, we will write z; < 25 if 21 # 22 and one of (C2), (C3) and (C4)
is satisfied and we will write z; < 25 if only (C4) is satisfied.

Remark 1.1 We obtained that the following statements hold:
1. If a,b € R with a < b, then az < bz for all z € C.

2. If 0 < 21 < 29, then |z1| < |2a].

3. If 21 = 29 and zo < z3, then 2y < z3.

Consistent with Azam et al. [2], we state some definitions and results about
the complex-valued metric space to prove our main results.

Definition 1.2 Let X be a nonempty set. Suppose that the mapping d :
X x X — C satisfies the following conditions:

(d1) 0 = d(z,y) for all x,y € X;

(d2) d(z,y) =0 if and only if x =y for all x,y € X;

(d3) d(z,y) = d(y,z) for all v,y € X;
) =

(d4) d(z,y) < d(z,z) +d(z,y) for all x,y,z € X.
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Then d is called a complez-valued metric on X and (X, d) is called a complex-
valued metric space.

Example 1.3 Example 1.3. Let X = C. Define the mapping d: X x X —
C by d(z1, 22) = 2i|z1 — 23] for all z1,2z0 € X. Then (X,d) is a complex valued
metric space.

Definition 1.4 Let (X,d) be a complex-valued metric space.

I Apoint x € X is called interior point of a set B C X whenever there
exists 0 < r € C such that

N(z,r):={ye X :d(x,y) <r} CB.

1. A point x € X is called limit point of a set B C X whenever there exists
0 < r € C such thatN(xz,r) N (B{z}) # ¢.

III. A subset B C X is called open whenever each element of B is an interior
point of B.

IV. A subset B C X is called closed whenever each limit point of B belongs
to B.

V. The family F = {N(xz,r) : x € X,0 < r} is a sub-basis for a topology
on X. We denote this complex topology by 1.. Indeed, the topology 7. is
Hausdorff.

Definition 1.5 Let (X, d) be a complez-valued metric space, and let {z,}
be a sequence in X and v € X.

L. If for every ¢ € C with 0 < ¢ there is N € N such that for alln > N,
d(zp,x) < ¢ then {x,} is said to be convergent, if {x,} converges to x
and x is the limit point of {x,}. We denote this by x,, — x as n — o0
or lim,,_,oo T,, = .

11, If for every ¢ € C with 0 < ¢ there is N € N such that for all n,m > N,
d(zp, ) < ¢ then {x,} is said is said to be Cauchy sequence.

III. If every Cauchy sequence in X is convergent, then (X,d) is said to be a
complete complez-valued metric space.

Lemma 1.6 Let (X,d) be a complez-valued metric space, and let {x,} be
a sequence in X. Then {x,} converges to x if and only if |d(x,,x)] — 0 as
n — oo.
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Lemma 1.7 Let (X,d) be a complez-valued metric space, and let {x,} be a
sequence in X. Then {z,} is a Cauchy sequence if and only if |d(xp, Tpim)| — 0
as n — oo.

In 2006, Bhaskar et al. [1] introduced the notion of coupled fixed point
and proved some fixed point results in this context. Similarly, Kang etal. [3]
introduce the notion of coupled fixed point for a mapping in complex valued
metric spaces as follows.

Definition 1.8 Let (X,d) be a complex-valued metric space, an element
(x,y) € XxX is said to be a coupled fixed point of the mapping F - X x X — X
if F(a,y) = and F(y,x) =y.

Definition 1.9 Let (X,d) be a complex valued metric space. An element
(x,y) € X x X is said to be

1. A coupled coincidence point of mappings F' : X x X — X and g :
X — X if g(x) = F(x,y) and g(y) = F(y,x), and (gz,gy) is called
a coupled point of coincidence if there exists (u,v) € X x X such that
x=gu= F(u,v) and y = gv = F(v,u).

II. A common coupled fized point of mappings FF': X x X — X and g : X —
X if v =gw=F(z,y) andy = gy = F(y, v).

Definition 1.10 Let (X,d) be a complez-valued metric space. The map-
pings F: X x X = X and g : X — X are called w-compatible if g(F(x,y)) =
F(gz,gy), whenever gx = F(x,y) and gy = F(y, ).

Kang et al [3] prove following result,

Theorem 1.11 (/3], Theorem-2.1) Let (X,d) be a complex valued metric
space. Suppose that the mapping F : X x X — X satisfies

d(F(z,y), F(u,v)) < hd(z,u) + kd(y,v) (1)

for all x,y,u,v € X, where h and k are non-negative constants with h+k < 1.
Then F' has a unique coupled fixed point.

In [4], Jhade and Khan prove following result,

Theorem 1.12 (/4], Theorem 3.1) Let (X,d) be a complex-valued metric
space. Let F: X x X — X and g : X — X be two mappings. Suppose that
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there exist nonnegative constants a; € [0,1),41 = 1,2,...,6 such that ¥¢_ja; < 1
and for all x,y,u,v € X

d(F(z,y), F(u,v)) = ad(gz, gu) + az(gy, gv)

d(gz, F(x,y))d(gu, F(u,v))
d(gx, gu)

d(gz, F(u,v))d(gu, F(x,y))
d(gx, gu)

d(gy, F'(y, ))d(gv, F(v,u))
d(gy, gv)

d(gy, F(v,u))d(gv, F(y, ))
d(gy, gv) '

Suppose F(X x X) C g(X) and g(X) is a complete subspace of X. Then F
and g have a coupled coincidence point (x*,y*) € X x X.

+ay

+CL5

+ag (2)

Remark 1.13 [t should be noted that Theorem 1.12 is not true for x = u
and y = v, i.e., 21s not valid for x = u and y = v and we can not obtain
coupled fixed point.

2 Main Results

First we improve the Theorem 1.12 and prove a coupled coincidence point
theorem which state is as follows,

Theorem 2.1 Let (X,d) be a complez-valued metric space. Let F' : X X
X = X and g : X — X be two mappings. Suppose that there exist nonnegative
constants a; € [0,1),1 =1,2,...,6 such that X%_,a; < 1 and for all x,y,u,v €
X

d(F(x,y), F(u,v)) = aid(gz, gu) + asd(gy, gv)
o LT dgz, Fz,y)ld(gu, F(u,v))
’ d(gx, gu) +1
4[1 + d(gx, F(u, v))]d(gu F(z,y))
d(gz, gu) +
[1+d(gy, F(y,x))]d (gv F(v,u))
d(gy, gv) + 1
[1 +d(gy, F'(v,u))ld(gv, F(y, x))
d(gy, gv) + 1 '

Suppose F(X x X) C g(X) and g(X) is a complete subspace of X. Then F
and g have a coupled coincidence point (z*,y*) € X x X.

Qs

(3)

Qg
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Proof 2.2 Let xg,yo € X are arbitrary. Set gry = F(xo,y0) and gy, =
F(yo,x0), this can be done because F(X x X) C g(X). Continuing the pro-
cess, we obtain two sequences {x,} and {y,} such that gx, 1 = F(x,,y,) and
9Yns1 = F(yn,x,) for alln > 0. Then we have

d<g$n>gxn+1) = d(F(xnfbynfl)aF(xmyn))

= ad(gTn-1,92n) + a2d(gYn-1, gYn)
as [1 + d(ga:nfl; F(xn 1 Yn— 1))]d(9$n, F<xn7 yn))
d(gxn—1,9%,) + 1
+a [1 + d(g'rn—h F(In, yn))] (gxm F(xn—h yn—1>)
4
d(gxn_1,9%,) + 1
as [1 + d(gyn—h F(yn 1y Tp— 1))]d(gyn> F(yn’ xn))
d(gYn—1, 9yn) + 1
” 1 +d(gyn—1,F((y Lo ) A(GYns F(Yn-1,Tn-1))

d(gYn—1,9yn) +1

d(gzn, grny1) = a1d(gra_1, 975) + a2d(9Yn—1, 9Yn)
as [1 + d(g:tn_l, gxn)]d(gmn, gmn-ﬁ-l)

d(gxn—lv gxn)

14+ d(gzn-1,9Tn+1)]d (ga:n, 9Tn)
d(ggjn—la gxn)

[1 4 d(gyn—1, 9yn)]d (gyn, 9Ynt1)
A(gYn—1,9yn) + 1

(1 + d(gyn—1, A(9Yn—1. 9Yn))]A(9Yn: GYn)

d(gyn—1, gyn) + 1

+ay

Qs

73

which implies

]d(gxn,gxnﬂ)\ = al‘d(gxnflagxnﬂ + a2‘d(gynflygyn)|
+a3|d(gxn7g$n+l)| + a5|d(gyn7gyn+1)| (4)

Similarly we have

1d(gYn, gYns1)] = a1ld(gyn—1, gYn)| + a2|d(gTn_1, gTs)|
+a3|d(gYn, gYn+1)| + as|d(gzn, gTni1)]. (5)

Suppose that
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dy, = [|d(gn, gZniall + |d(gYn, gyna

Adding inequalities 4 and 5, we obtain

d, < (a1 + ag)d,—1 + (ag + as)d, (6)
that s
dp < hdp—y
where
h = % <1
Thus, we have
dp < hdp_1 < R%d,_o < h3d,_5 < hid,_4 < --- < h"d,. (7)

We shall show that {z,} and {y,} are Cauchy sequences. If m > n, then
we have

(92, gTm| + 1d(gYn, gym| < (920, 9Tni1] + 1d(9Yns GYn1a|

Hd(gTni1; 9Tni2| + |d(gYnt1, 9Ynial

+Hd(g2nt2, 9Tnis| + |d(gYnt2, GYns|

+ -+ d(9Tm—1, 9Tm| + |d(GYm—1, GYim|

hdy + h" "ty + b 2dy + h"3dy 4+ -+ B

n

1—h

IA

< do—0 as n— oo.

Hence {z,} and {y,} are Cauchy sequences in g(X). Since g(X) is com-
plete, there exists x* and y* such that gx, — x* and gy, — y* as n — oo.
On the other hand, we have from 3,

d(F(z",y"), 92") 2 d(F(2",y"), gTn+1) + d(gTnt1, 927)
= d<F(x*7y*)7F(xmyn>) +d<g£€n+1,g(£*)
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d(F(z*,y"),92%) =2 ard(gz”, grn) + a2d(9y”, gyn)
[1+d(ga*, F(x ,y*))]d(gﬂ:n,F(:cmyn))

+as d(gz*, gx,) + 1
+a4[ + d(gz”, F(2n, yn))]d(gzn, F'(z*, y"))
d(gx*, gz,) + 1
ta [1+d(gy", F'(y*, 2))]d(gYn; ' (Yn, Tn))
’ d(gy*, gyn) +1
ta (1 +d(gy", F'(Yn, 20))1d(gyn, F(y*, "))
’ d(gy*, gyn) + 1

+|d(gzni1, ga*)|

d(F (2%, y"), g2%) = ard(gz”, gv,) + axd(gy”, gyn)
tas [1 + d(gz”, F(z*, y*))]|d(gTn, gTn11)

d(gz*, gz,) + 1
[1 + d(gz*, gxni1)]d(gzn, F(z”, y))

= d(gx*, gr,) + 1

ta [1+d(gy*, F(y*,2*))]d (gyn,gym)
i d(gy*, gyn) +
o L d9y", gyni1)ld (gyn, (y*,z7))
" d(gy*, gyn) +

+|d(gzn i1, gz")|

[d(F(z7,y%), gz%)| 2 axld(gz”, gn)| + a2ld(gy”, gyn)|
[1+ |d(gz~, F(z", y"))[](|d(gzn, gz*)| + |d(g92", gTni1)])
|d(gz*, gza)| + 1
[1 +ld(gz”, gxnia)|]|d(g2n, F(z,y"))|
|d(gz*, gzn)| + 1
o LA 1dlay™, PGy, ) [ dgyn, 9y7)] + |49y, 9Yn+1)])
|d(gy*, gyn)| + 1
[1+ |d(gy”, gyn+1)l|d(gyn, F(y", 7))
|d(9y*, gyn)| + 1
+d(9n+1, g27)|.
Since gxr, — gr* and gy, — gy* as n — oo, we have |d(F(z*,y*), gz*)| < 0.
That is, F(z*,y*) = gx*.
Similarly one can show that F(y*,z*) = gy*.
Hence (z*,y*) is a coupled coincidence point of F' and g.

+a3

+ay

73

For common coupled fixed point for the mappings F' and g, the condition of
Theorem 2.1 are not enough. So by applying the condition of w-compatibility
on I and g, we obtain the following common coupled fixed point theorem.
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Theorem 2.3 In addition to the hypotheses of Theorem 2.1 are not enough
to prove the existence of a common coupled fized point for the mappings F' and
g. By applying the condition of w-compatibility on F and g, we obtain the
following common coupled fixed point theorem, if F' and g are w-compatible,
then F' and g have a unique common coupled fixed point. Moreover, a common
coupled fized point of F and g is of the form (u,v) for some u,v € X.

Proof 2.4 The ezistence of coupled coincidence point (z*,y*) of F and g
follows from Theorem 2.1. Then (gz*, gy*) is a coupled point of coincidence of
F,g and so gz* = F(z*,y*) and gy* = F(y*, z").

First we will show that this coupled point of coincidence is unique.

For this, suppose that F and g have another coupled point of coincidence
(gu, gv), that is, gu = F(u,v) and gv = F(v,u) where (u,v) € X x X. Then
we have

d(F(z",y"), F(u,v)) = aid(gz*, gu) + axd(gy”, gv)

[1+d(gz*, F(z*,y*))]d(gu, F'(u,v))
d(gx*, gu) + 1

[1 + d(gz*, F(u,v))]d(gu, F'(z*, y"))
d(gz*, gu) + 1

[1+d(gy*, F(y*, "))]d(gv, F'(v,u))
d(gy*, gv) +1

oLt dley”, (v, w))]d(gv, F(y”, 2%))

’ d(gy*, gv) +1 '

+&3

aq

Qs

Hence

[d(gz™, gu)| = a1|d(gz™, gu)| + az|d(gy*, gv)|
+ayld(gz™, gu)| + aeld(gy”, gv)|. (8)

Similarly we obtain

|d(gy™, gv)] = a|d(gy™, gv)| + az|d(gz™, gu)|
+ayld(gy”, gv)| + agld(gz™, gu)|. 9)

Adding 8 and 9 we obtain

|d(gz™, gu)| + |d(gy”, gv)| < (ay + a2 + as + ag)[|d(gz™, gu)| + |d(gy™, gv)|].

Since (a1 + as + ag + ag) < 1. Therefore,

|d(gz™, gu)| + |d(gy”, gv)| <0
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which contradiction. Hence d(gx*,gu) = 0 and d(gy*, gv) = 0, i.e., gr* =
gu and gy* = gv.

Thus (gz*, gy*) = (u,v) is the unique coupled point of coincidence of F' and
g. Now if F' and g are w-compatible, then gu = g(F(z*,y*)) = F(gz*, gy*) =
F(u,v) = w(say). Similarly, we obtain gv = g(F(y*,2*)) = F(gy*, gx*) =
F(v,u) = z(say). So, (w,z) is another coupled point of coincidence of F' and
g. By uniqueness, we have (u,v) = (w,z2), that is, gu = F(u,v) = u and
gv = F(v,u) = v. Thus (u,v) is the unique common coupled fized point of F
and g.

Example 2.5 Let X = {iz : © € [0,1]} and consider a complex valued
metric d : X X X — X defined by

d(r,y) = ilr —y|

for all x,y € X. Then (X,d) is a complex valued metric space.
Define the mappings F : X x X — X and g : X — X by F(x,y) =
) (1% + %) and g(x) = £i for all x,y € [0,1]. Then we have

Ty ru v
d F 9 7F b = <_ _) - <_ —>
(F(z,y), F(u,v)) ild TRET AASTREE \
(T u Yy v
w50
10 10 15 15
37;‘2' <§ _ E) |+ EW (y _ E) |
10 15} 5 15 15} 5

1 1
< §d(grc, gu) + gd(gy, qu)

IN

where ay = %, as = %, a; = 0,1 =3,4,5,6. Note that a1 + as = % +% <1,
F(X xX) Cg(X) and g(X) is a complete subspace of X. Hence the condition
of Theorem 2.1 are satisfied, that is, F' and g have a coupled coincidence point
(0,0). Furthermore, since F' and g are w-compatible, hence, Theorem 2.3 shows
that (0,0) is the unique common coupled fized point of F' and g.

Remark 2.6 [t should be noted that Example 2.5 is valid for Theorem 2.1
as well as for Theorem 1.12 . In fact Theorem 2.1 is more general the Theorem
1.12.

Remark 2.7 If we take a; = 0 for i = 3,4,5,6 and g = Ix (identity
mapping over X) in Theorem 2.1 then we get result of Kang et al [3] .

Corollary 2.8 (/3/, Corollary-2.2) Let (X,d) be a complete complez valued
metric space. Suppose that the mapping F : X x X — X satisfies

d(F(x,y), F(u,v)) < hl(d(z, u) + d(y,v))]

for all x,y,u,v € X, where h is a non-negative constant with h < % Then F
has a unique coupled fixed point.
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Proof 2.9 If we take a1 = as = h, a; =0 for 1=3,4,5,6 and g = Ix
(identity mapping over X) in Theorem 2.1, then we get required result.

Example 2.10 Let X = {iz : z € [0,1]} and consider a complex valued
metric d : X x X — X defined by

d(z,y) = il —y|

for all x,y € X. Then (X,d) is a complex valued metric space.

Define the mappings F : X x X — X by F(x,y) =i (%ﬂ’) for all x,y €
[0,1]. Then we have h = % < % So all condition of Corollary 2.8 are satisfied
and we get (0,0) is a coupled fized of F.
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