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Abstract

The purpose of this paper is to prove some differential inequal-
ities for meromorphic multivalent functions by using a new oper-
ator associated with Mittag-Leffler function..
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1 Introduction

Denote by X, the class of meromorphic multivalent functions of the form:

o0

fR)=—+ > ", (1)

which are analytic in U* = {z: 2 € C and 0 < |z| < 1} = U\{0}.
The Mittag-Leffler function E,(z) (z € C) ([7], [8] and see also [3-5]) is
defined by

00 1 .
Ea(Z) = nz% mz , o € C,RB(OZ) > 0.
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For o, 5,7 € C, Re(a) > maz0, Re(k) — 1 and Re(k) > 0), Srivastava and
Tomovski [9] generalized Mittag-LefHler function and introduced the function

Vk‘ o pa
Fa ;Fna—l—ﬂ 2)

and proved that it is an entire function in the complex z-plane, where

_TI'(v+9) 0 =0
(7)o = I'(v) { Yy + 1) (y+0-1), 0#0 -

Using the function Ezg(z), let

MVE (2) = ZPD(B)EL(2)

N FBIh+ (n+pk]
= 7 X T Pt )

Rea = 0 when Rek =1 with  # 0. (3)
For f(z) € ¥,, we define the operator

Hynaf (2) = Mya 5(2) * f(2)

- T+ (n+pk] .
* Z 5+ (n+p)al'(n+p) "~ @

nlp

From (4) it is easy to have

Hoo s f(2) = pf(2) + 2f(2) + 277,

kz(H)R S f(2)) = ML f(2) = (v + ph)H e 5 f(2) (5)
and

!

0z (HyE s (2)) = B HIELF (2) = (pot B) HE g if (2),0 20, (6)

In the present paper using the operator ’Hva B f(2), we investigate some in-
equalties for meromorphic univalent functlons
Definition 1. Let H be the set of complex valued functions h(r, s, t) : C> — C
such that:

i) is continuous in a domain D C C?

i) (1,1,1) e D, |h(1,1,1)| < 1
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iii)

. k . v(v+1)eii0+2v+k+1 Cel®1 L
6 0 1.2 2 k
‘h <e (L 20 ks )) > 1,

whenever

. k . “/(“/+1)€n9+ 2y+k+1 CetO+ L
0 0 1.2 2 k
(6 , (1 + ;C)e ,k k 1) D

with Ree L > ((¢ —1),¢ > 1 and 6 real.
Definition 2. Let K be the set of complex valued functions k(r, s,t) : C3 — C
such that:
i) is continuous in a domain D C C?
i) (1,1,1) € D, |a(1,1,1)| < 1
iii
)

(,8—1)(2[3—2) eiif 4 a+2aﬂf3 Ce® L

i o i o
‘h <e ,(1+ = 1C)e o (B—1)(B-2) )‘ > 1, (8)

whenever

(B=1)(B=2) ii§ | a+28-3 ~ i
i0 o 0 27 a3 ert T G+l
(6 (g0 a CRVEE) ) €p

with Ree L > ¢(¢ —1),¢ > 1 and 6 real.
Definition 3. Let M be the set of complex valued functions k(r, s, t) : C* —
C such that:
i) is continuous in a domain D C C?
i) (1,1,1) e D, |h(1,1,1)| < 1
iii
)

. e+ kC+1 1 ) Yeel 24
‘h(ew’y 7+§ ’(7+2){76ze+k5+2+k2%}>‘>1’ )

whenever

16 )
o e HRCHT 1 it 2 ¢ H¢—C>+L
(6 AT G U R 2 R e D

with ReL > ((¢ —1),¢ > 1 and 6 real.
Definition 4. Let N be the set of complex valued functions k(r, s,t) : C3 — C
such that:

i) is continuous in a domain D C C3?

i) (1,1,1) € D, |h(1,1,1)] < 1
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iii)

0 B +aC—1
‘h(ee’ 61 ’(6—2){

B i0 _2L
2 5 € +CC+} > 1,

Be +a¢ -2+« T

(10)

whenever

10 )
o Be” +al—1 1 i0 2 2¢e ¢+ L
(6, /8—1 ,(5_2){56 +C¥C—2+aw} eD

with ReL > ((¢ —1),( > 1 and 6 real.

2 Main Results

Unless otherwise maintained we assume that L > (((—1),( > 1,a,k # 0,5 #
0,1,2,v # —1,—2 and 0 real.

To prove our main results, we need the following lemma.
Lemma 1[6]. Let w(z) = a + a,27 + a; 1127 ... be analytic in U with with
w(z) # a and 7> 1. If 25 = 19e®(0 < 19 < 1) and |w(z)| = maz |w(z)|.

|2I<] o]
Then
2ow' (29) = Cw(zp) (11)
and (o)
oW (2o
Rell+——) > 12
() 26 -
where C is a real number and
|w(z) — al” [w(z0)| — |al
(>n .
T Jw(zo)* = la* T w(zo)| + af
Theorem 1. Let h(r,s,t) € H and f(z) € ¥, satisfy:
(57 Hk o () M (), 2132 () € D < ©F (13)
and
‘h (zp’/-[;’zﬁf (2) ,zp/H;Eékf (2) ,ZPHZ;%kf (z)) ‘ <1. (14)
Then
ZPHZ:z,Bf (2)| < 1.

Proof. For f € X, let
w(z) = ZH)5 5 f (2)
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then w(z) is either analytic or meromorphic in U, w(0) = 1 and w(z) # 1.
Using (5) we have

k
zp’H;’J;’lék (2) =w(z) + ;zw’(z)

and

k? (v+1) k+2y+1
pa 2k _ Y v
PH) o f(2) SO0+ { = w(z) + ’

Claim that |w(z)| < 1,z € U. If it is not, then there exists a point 2z, € U,
mazr |w(z)| = |w(z)| = 1. Taking w(z) = ¢ and by Lemma 1 witha =7 =1,
EREY
we see that

2w (2) + z2w"<z)} .

zp’z’-l;ﬁﬁf (20) = w(z) = €”,

) k.
zPH’YJrl,kf (ZO) — ez@ + ;geza

p,a,3
and
k? (v4+1) 5 k+2y+1, .
+2.k o /7/7 ) ”y i 9
FHp o f <Zo>—,y(,y+1){ e (e + L L= 2w ().

Using (12), we have

PR EE B )

’U}/(Zo) Ceie
that is Re(e L) > ¢(¢ — 1).Since h(r,s,t) € H, we have
i (27 (o) MG S () M ()

o w0, k.o K +1) 4 K2yl
- ’h(69’60+5@6’7(7+1){7(71@ )66+ ;Z geuL})'Zl'

This contradicts (14). Therefor, we conclude that )zp’,'-[;:zﬁ f (z)’ <1

Using (6) instead of (5), we can prove the following
Theorem 2. Let h(r,s,t) € K and f(z) € ¥, satisfy:

(P38 of (), 27 H k5 f (), 2PM06 o f (2)) €D (15)

,

and

)h <zp7-[;”§’6f (2) ,zp’;'-l;”iﬁ_lf (2) ,zp’z'-[;:];ﬂ_zf (z)) ‘ < 1. (16)

Then
&
z”?—[;a’ﬁf (2)| < 1.
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Theorem 3. Let h(r,s,t) € M and f(z) € ¥, satisfy:

7+1 7+, T
ka()er 5 (2) Hw i f () eDcC? (17)
HEF ) HIE () =B ()
and Lk 72k TR
N RGN FACR FRON Y (18)
I f (2) HIS () 1 (2)
Then +1,k
‘M < 1.
HE ()
Proof. For f €3 let
ML (2)
w('z):k—
Hyn st (2)

then w(z) is either analytic or meromorphic in U, w(0) = 1 and w(z) # 1.
Using (5) we have

;f;f<z>: 1 {MM L) +1}

W () v+ w(z)
and
7+ , ol zw (Z) L2w'(z) | zw'(2))2
+2 k w(z) +k +2+k Zw )
f() (7"‘2) w(z) yw(z) + k= +1

Claim that |w(z)| < 1,z € U. If it is not, then there exists a point z; € U,
maz w(z)] = [w(z)| =

1. Taking w(zp) = € and by Lemma 1 witha = 7 = 1,
|21 <=0l
we see that »
H, :
k—f<) — w(zo) — ele7
aﬂf( )

T2 f (20) 1

ka( . = 7 (e k¢ 1)

and
Mo (o) 1
HI () v H2

, ¢ > 1.

z0 2 L 7
{76’9+k3C+2+k2k T }7 _ 2w (20)

e +kC+1 — % w(zo)

Using (12), we have
%{Zow (zo)} _ Re{zow (zo)} S,

w’(zo) Ceze
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that is RL > ((¢ — 1).Since h(r, s, t) € M, we have
|h (st Hid ) s ) |
sl () ML (o) HyL35F (o)

‘ i0 , q il — 24
— 'h(eze,Ve +kC+1 1 {7610+kc+2+k2k6 +C C+ })‘21

y+1  T(y+2) vell + k¢ +1
. . HITLEF(2)
This contradicts (18). Therefor, we conclude that H’;k—f(z) <L
P, B

Using (6) instead of (5), we can prove the following
Theorem 4. Let h(r,s,t) € N and f(z) € X, satisfy:

( Hyasf () Hpopaf () My <z>> epce ()
Mot s f(2) HIR S (2) THIN  f (2)
and i i i
H Hnsf () ML f(2) HIn s of <z>> . (20)
H;iﬁﬂrlf(z), szgf (2) ’Hgiﬁﬂf (2)
Then
‘ ’Hlfigf (Z) 1
H;,’s,ﬁﬂf(z) .

Remark.Putting p = 1 in the above results, we obtain the results in [1].

3 Open Problem

The authors suggest to study these classes defined by the Frasin [2] operator:

m . ]' . 1 m(lu)n n—p
e =5+3 () G

n=1 n
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