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Abstract

For analytic functions f(z) normalized with f(0) = 0 and
1'(0) =1 in the open unit disk U , a class Us(\) of f(z) satisfying
some conditions is introduced. The object of the present paper

1
is to discuss the problem such that Ef(az) € Us(N) for f(z) €

S. Also for our result, an open problem concern in Hdélder
inequality is given.
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1 Introduction

Let A denote the class of functions f(z) of the form

f(2) :z—i—Zanz” (1.1)

that are analytic in the open unit disk U={z¢€ C : |z| <1}. Let S be
the subclass of A consisting of f(z) which are univarent in U. For f(z) € A,



30 Yutaka Shimoda , Toshio Hayami, Yasunori Hashidume and Shigeyoshi Owa

we say that f(z) € Us(\) if it satisfies /() #0 (2 € U) and

‘(72

Let us consider a function f(z) given by

<A (z€0)

for some real A > 0.

z
= R).
) = o @ER)
Then we have that .
fs(z) = ————
L4+ > apz”
n=1
with 5
.= (=)
o= (?)
It follows that

“(7m)

<> (n=1)(n—2)(n— 3)|ay|

for z € U.

Therefore, if § = 3, then

1 1 n
2 ( — —) <0,
fa(z) =z -
or f3(z) € Us(N) for A >0, if 6 =4, then
1 1 n
2 ( — —) < 0,
fa(z) =z
or fy(z) € Us(6) , if § = 5, then
1 1 n
24 ( — —) < 54,
fs(2) =z

or f5(z) € Us(54).

<Y (n=1)(n—2)(n - 3)lay||z|"

(1.2)

(1.5)

(1.6)
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Obradovi¢ and Ponnusamy [2] have studied the subclass U;(A) of A con-
sisting of f(z) satisfying

1) 40 (zew

z

f'(2) (ﬁ)Q -1

and

<X (z€0) (1.7)

which is equivalent to

S A (ze€l). (1.8)

2 Main result

To discuss our problem for the class Us(A),we have to recall here the follow-
ing lemma by Goodman [1].

Lemma 1 If f(z) € S and

> o0
— =1+ b, 2" 2.1
(CRES 2
then, we have
S 1)l <1 (22)
n=1

Moreover,we need the following lemma.

Lemma 2 Let f(z) € A and

ol 1+;bnz” 40  (zeU).
If f(z) satisfies
D (n—=1)(n—2)(n—3)[ba| £ A, (2.3)

then, f(z) € Us(N).
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Proof Since

() e

if f(z) satisfies the inequality (2.3),then f(z) € Us(A) .

(e o]

<) (n=1)(n—2)(n—3)|b,], (2.4)

n=3

Our main result is contained in

1
Theorem 1 Let f(z) € S and a € U. Then the function — f(«az) belongs
Q

to the class Us(\) for 0 = |af = |ag(N)|, where |ag| = |ag(N)| is the smallest
root of the equation

(36— || 24724622 || 0+ (12—152%) |ar[B4+-207% | S — 1502 || * 4602 |a|* = A? = 0

(2.5)
in0<|al <1
Proof Since .
— #40(zeU
B #0 ( )
for f(z) € S, if we write
Z o0
— =1+ bp2",
(CRA>
then we have i,
Z n n
- =1+ a"byz (2.6)
“flaz) o

for 0 < |of < 1. Lemma 1 gives us that

Zn—1|b|2<zn—1|b|2<1. (2.7)
n=3 n=1

Therefore, we have to show that

> (n—1)(n—2)(n = 3)[a"b,| < A (2.8)

to prove that éf(ozz) € Us(N).
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Applying the Cauchy-Schwarz inequality for the left hand of the inequality
(2.8), we see that

o0

Z(n —1)(n—2)(n—3)|a"by,|

n=1
0

= Y (= 1)(n—2)*(n = 3)*al")2((n — 1)|b,[*)?

n=1

(E:@—lxn—ﬂ%n—wﬂd%>

n=1

N[=

A

B 2|al*\/3(1 + 6|2 + 3|alt)
- TN D (29)

Let us consider the complex number a (0 < |a| < 1) such that

2|a|'/3(1 + 6laf2 + 3Jalh)
(1 —af?)?

— A (2.10)

It follows from (2.10) that
h(|e]) = (36 — A)|a*? + (72 + 6)2)|a|™ + (12 — 15)2)|al® + 20)2| |-

h(15X%a)* + 602 |af> = A\* =0

Note that h(0) = —\* < 0, h(1) =120 > 0.
Thus, h(|a|) = 0 has a root of |ap| = |ap(A)] in 0 < |a| < 1. This complete
the proof of the theorem.

1.
Remarkl If we put o = §ew in (2.5), then we have

24129

=
27

=0.84148 - - - .

If we make A\ = 1 in (2.5), then the equation
35|a|'? 4 36]a|'® — 3|al® + 20|a|® — 15]|a|* +36[a)* —1 =10

has a root |ag| such that 0.1676 < |ag| < 0.1678.
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3 Open problem

For the proof of Theorem 1, we apply Cauchy-Schwarz inequality given

S loultod £ (3 Joal?)* (3 100)*

But we know that Holder inequality given by

by

1

> faallbal = (3 lanl?)” (3 1oul?)

is the generalization inequality of Cauchy-Schwarz inequality. Therefore, if
we find some application of Holder inequality for the proof of Theorem 1 in-
stead of Cauchy-Schwarz inequality, then we derive new result which is the
generalization of Theorem 1.

1
q

1 1
(p>0,q>0,——|——§1>
b q
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