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Abstract

The integral operator denoted by I(f1, fa, ..., fm) given in Definition
2 was introduced in [8]. Also, certain sufficient conditions of univalence
of this operator were given there. In this paper, a different approach for
proving the univalence of this operator is taken.
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1 Introduction and preliminaries
Let U denote the unit disc of the complex plane:
U={z€C: |z| <1}

and
U={z€eC: |z|<1}.

Let H(U) denote the space of holomorphic functions in U and let
Ay ={f eHU), f(z)=2+an1z""+..., 2€ U}

Let
S={fe€A: fisunivalent in U}.
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Definition 1. (St. Ruscheweyh [16]). For f € A, n € NU {0}, let R"™ be
the operator defined by R": A — A

Rf(z) = f(2)
(n+ 1R f(2) = 2[R"f(2)] + nR"f(2), z € U.

Remark 1. If f€ A
f(z):z—l—Zajzj, zeU
=2

then

o0

R'f(z) =2+ Cp a2/, z€U. (1)

=2

In order to prove our main results, we shall use the following lemma:

Lemma A. [12] Let a and ¢ be complex numbers with Re a > 0, |¢] < 1,
c# —1and f(2) = z+ a2 + ... be a regular function in U. If

e tzf"(e7tz)
af'(e'z)
holds for every z € U and t > 0, then the function

<1

C€—2ta =+ (1 o e—?ta)

Fu(z) = [a /0 ot f’(u)du} '

1s reqular and univalent in U.
In [8] we have defined the following integral operator:

Definition 2. [8] Let n,m € NU {0}, i € {1,2,3,...,m}, oy € C, A™ =
AxAx---xA Welet I: A™ — A be the integral operator given by

m times

I(f1, for oo f)(2) = F(2) (2)

[ [ () ()

where f; € A, i €{1,2,3,...,n} and R" is the Ruscheweyh differential opera-
tor (Definition 1).
Remark 2. In [8], the author has shown that this operator is a generalization
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of other operators studied in [1], [2], [3], [4], [5], [6], [7], [9], [10], [11], [12], [13],
14], 1]

Remark 3. In [8], the author has stated and proven the following theorems:

Theorem 1. Let n,m € NU{0},a € C with Re a >0, f; € A, o; € C,
ie{1,2,...,m} with |oq| + |ag| + -+ + |ou,| < 1.
If
Z(R"fi(2))
R fi(z)
then F(z) given by (2) belongs to the class S.

-1

<1, zeUie{l,2,....m}

Theorem 2. Let n,m € NU {0}, o, € C, with Re > Re a >0, let f; € A
and let a; € C, i € {1,2,...,m}, with |oq] + |ag| + -+ + |am| < 1.

If
(R fi(2))

where R™ is the Ruschweyh differential operator, then the function given by

@ = [o [ (RYT () ]

belongs to the class S.

—1‘§1, zeU, ic{l,2,....,m}

Theorem 3. Let n,m € NU{0}, > 0, € C withRe a > 0, f; € A, a; € C,
ie{L,2,...,m} with |oq| + |ag| + - + [Jam| <

T 2u+1
If
g

where R™ is the Ruschweyh differential operator, then the function F(z) given
by (2) belongs to the class S.

Theorem 4. Let n,m € NU{0},pu > 0,0, € C, with Re § > Re o > 0, let

fi€e Aandleta; € C, i € {1,2,...,m}, with |oq|+ |ag|+- -+ || < :
2n+1
If

(i) ‘szi]gi)' <,
[ fi(2)]
where R™ is the Ruschweyh differential operator, then the function F(z) given
by (2°) belongs to the class S.

—1'§1,26U,z'€{1,2,...,m}
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2 Main results

Theorem 5. Let n,m € NU{0}, a be a complex number with Re o« > 0 and ¢
a complex number with |c| <1, c¢# —1. If fr € A, ay, € C, k € {1,2,...,m}

and if
el + (1= a2 T

<1, (3)

holds for all z € U, where f is given by

f(z) = /0 (M>al... (wym dt, -eU, (4)

t t

with R™ given by Definition 1, then the function F given by (2), belongs to the
class S.

Proof. By differentiating (4), we obtain

ro = (FLEN T (BT 5)
=1+pz+p+..., zeU

From (3) and (5) we have that f'(0) =1 and f/(2) #0, z € U.
Since f’(z) # 0, we can use (5) and obtain

log f'(2) = aillog R" fi(z) —log 2] 4 - - + (6)

+ap,[log R" fin(2) —logz], =z € U.
By differentiating (6), after a short calculation, we have
" n / n /
SAEI L JTETIN SO ET T EIN
f'(2) R fi(z) R fin(2)
Let

w(o,t) = ey (1= -ty L 2L (€)

_ U, t>
0 Pt zeU, t>0, (8)

e_tzf"(e_tz) B m €_tZ[Rnfk(€_tZ)], .
e _;ak { R (e —1} . zeU, t>0. (9

We evaluate

Ce—Zta + (1 . 6—2to¢)€__t . Zf”(e_tZ)

w(z,1)| = o fleta)
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. e—teief//(e—teié)
< ) t)| = 19’ t)| = 2o 1— et ;
(e )] = (e )] = Jee ™+ (L= e R e

Let

C=e"te?, (11)
from which we have that
(= lee’| = e =, 1>0
Using this in (10), we obtain

e—teief//<€—t€i6)
af/(e—tew)

lw(z, )| < |ee™* + (1 — e 29)

(12)

¢f"(¢)
af'(¢)

Since |(| = e7* < 1, we have that ¢ € U. Then ( can be replaced by z € U
and (12) becomes:

el¢** + (1 = [¢*)

2a 2oy 21" (2)
w(z, O] < |cf2™ + (1 = 2] )af’(z) : (13)
Using (3) we obtain
21"(2)
w(z, t)| < |e|z]?* + (1 — |2|* <1, 14
w(z, )] < Jelz[™ +( |\)f,(z) (14)
for all z € U and t > 0.
If t =0, then from (13) we have
eief//(eie)
Using the conditions from Theorem 1, we have |¢| < 1, and hence
lw(z,0)|=c| <1, z€U. (15)

From (14) and (15) we obtain
lw(z,t)| <1, z€U, t>0.

Applying Lemma A, we obtain that the function F' given by (2) belongs to
the class S.
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1 /3

Example 1. LetnGNU{O},mZQ,Oé=5+4i,C=§+T, ol =5 <1,

fiz) = z+az, R"fi(z) = 2+ (n + 1)a2z2, fa2(2) = z + bez?, R fy(2) =
24+ (n+1)by2? ay €C,by€C, 22U,y =2+1, apg =3 — 4.
If

<1, zel,

1 V3 10484 10-+8i 2f"(z)
<§“?> A e e

2f"(2)

f'(2)

where

is given by (7), then from Theorem 5, we have

1

z ) . 5+47
F(z) = {(5 + 4@)/ 1+ (n 4 Dast) (1 + (n+ 1)62t)3‘4’dt] €S,
0
forall z € U.

Theorem 6. Let n,m € NU{0}, o and ¢ be complex numbers with Re a > 0,
le| <1, c# -1 andlet fre A, oy, € C, k€ {1,2,...,m}.

If
2 (2)
-8 <1, (16
2f"(z) . . .
where ) is given by (7), holds for all z € U, then the function F given
z

by (2) is univalent in U.

Proof. If z € C, |z| < 1, then |z|?** < 1. Using |2|>* < 1 and the conditions
from Theorem 2, we have

zf”(z)
af'(z)
<le|+1—|c] =1.

Using Theorem 5, we obtain that F' given by (2) belongs to the class S. O

1 3 2
Example 2. LetnGNU{O},m—2,a—3—2i,c—g+i\/?_, le| = =

f(2) = 24 ay2® + asz®,  fo(2) = 2 + by2® + b3z,

Zf//(z)
af(z

clz** + (1 —[[*) (17)

< lell=f> + \(1 e

~—

1 2
(TL + )2(77/ + )61/3237

(n+1)(n+2)
2

R'fi(2) = 2+ (n + 1)ag2® +

R fo(2) = 2+ (n + 1)by2* + by2®,
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a9,03,b0,03 € C, ze U, a1 =1—1, ap =2 +1. If

2f"(z2) 3

< —

2f"(2)
f'(2)

2 (1—1)
| )(n +2
(3 — 2i) / $(2-20) (1 -t Dagt + P )2(" i )a3t2> :
0

for all z € U, where is given by (7), from Theorem 6 we have

F(z) =

1

1 92 241 3-2i
~<1+(n+1)b2t+<n+ >2(”+ )bth) dt] € s,

forallz € U.

Theorem 7. Let n,m € NU{0}, o and ¢ be complex numbers with Re o > 0,
le| <1,c# —1 andlet fr € A, a, € C, k€ {1,2,...,m}.

If
i) |ciz1| “f|‘ ||c2xg| +<-é- JJZ |(a3n)| <1-|
B —|z|?2@ T2 n o (z !
i1) o { R fo(2) —1”§1, (18)

zeU, ke{l,2,...,m},

where R™ is the Ruscheweyh differential operator, then the function F given by
(2) belongs to the class S.

Proof. In order to prove the theorem, we evaluate:

spr o LB PO o [ LB DB g
O
< e + " .f’(z) , 2z€eU
L= 2f(2) _‘1—|z|2a_a [Rnfl 2 ]
a ) o Rifi(z) (20)
L= 2P (R Lo (R ful2))
o« {sz) 1]+ e { e 1”
o[l {(R"fl(é ] . ,‘1—| P [(};J}(())) ”H*

+o o)

1
L— |z [(R"fin(2))'
a {Rﬂh@)

”§|a1|+---+|am|§1—lc|.
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Using (20) in (19), we obtain

1 — 2 "
C|Z|201+ |Z| .Zf (Z) §C+1_|C’:1

f'(2)
By applying Theorem 5, we obtain that function F' given by (2) belongs to the
class S. /3
1 /3 1
Example 3. Let n e NU{0}, m =2, a =4+7i, c= Z_L_ZT’ le| = Y
1 i3 1 1 i3 1 9 1
ar = =+ —, |oy] =7 062—1—0+W || =5 , aa] + o] =5 <2

f1(z) = 24+ a22?, R"fi(z) = 24+ (n + )(122 f2( ) = 2 + bez?, R"fo(2)
2+ (n+ 1)be2? a,b € C, |ag| < zeU.
We evaluate (18i) and (18ii)

1

. 9
(184) ol + o] = 55 <

N | —

(18ZZ) 1 _ |Z‘2(4+7i) Z(l + 2<n _|_ 1)a22) B 1
44T z+ (n+ 1)ayz?
1= 2P (04 1)agz 1— |z| 1
V65 1+ (n+1agz| ~ ~ V65
1 — 22457 T2(1 + 2(n + 1)by2) 1= 2P (n+ 1)bo2
447i Z+ (n+ 1)byz? - V65 L+ (n+1)byz
< 1— |7 < 1
V65 \/65

Using Theorem 7, we have

F(z) = {(4 + 71) / 1+ (n+ 1)a2t)<é+i83>.

0

a¥7i
(14 (n+ D)byt) (5755 )dt} e s,
forallz e U.

An open problem. Similar results can be obtained by using other differential
operators.
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