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Abstract
For analytic functions f(z) mormalized by f(0) = 0 and
1/(0) =1 in the open unit disk U, a class Py(\) of f(z) defined by
some inequality for f(z) is introduced. In the present paper, we
discuss the problem such that lf(ozz:)el’ﬂ()\) for f(z)eS. Also
for our result, an open problen% concern in Holder inequality
is given.
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1 Introduction

Let A be the class of functions f(z) of the form

f(z)=2z+ Zanz”
n=2

which are analytic in the open unit disk U = {z€C : |z| < 1}. Let S be the
subclass of A consisting of all univalent functions f(z) in U. For f(z)eA, we

say that f(z)ePy()\) if f(z) satisfies %Z) #0 (z€U) and
> nn
Z ) < .
|(f(z)> = e
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for some real A > 0. Obradovi¢ and Ponnusamy [2] have studied the subclass

/() #0 (z€U) and

P5()) of A consisting of f(z) satisfying ——
z

1
z
()
for some real A > 0.

Let us consider a function f(z) given by

<A (z€U) (1.3)

1= 020 (14)

1
Then, we see that /(z) = =70 (2€U),
z

(1-2)
()

< 8(6—1)2072 (1.5)

= ‘5(5 — 1)1 —2)°2

for 6 = 2, and
IR 5(6—1)(6—2)(5—3)(1—2)"4| < 6(5—1)(6—2)(6—3)2°~* (1.6)
&) ’ |
for § = 4. Therefore, Koebe function f(z) = ;2 belongs to P(2) and

=
Py(\) for any A > 0.
If we consider

f(2) = 5—,
> 2k
then
2\ I~ K ]~ K (n=3)(n—-2)(n—1)n(n+1)
(%) - k4(k‘—4)!z <k:4(k:—4)! 5
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2 Main result

To consider our problem for the class Py()), we need the following lemma
due to Goodman [1].

Lemma 1l If f(z) €S and

Z [ee}
— =14+ ) b,2", (2.1)
it
then we have -
St - )b < 1. (2.2)
n=1

Further, we need the following lemma.

Lemma 2 Let f(z) € A and 1+ io: bpz" # 0 (z€U). If f(2)
n=1

. f(2)
satisfies
- n!

; oo b, <, (2.3)
then f(z)ePy(N).
Proof. ~ We note that

> nn o n'
Thus, if f(z) satisfies the inequality (2.3), then f(z)€P;()\). O

Now, we derive

Theorem 1 Let f(z) € S and a € C (Jo| < 1). Then the function

1

—f(az) belongs to the class Py(\) for 0 < |a| < |ag(N)|, where |ag| = |an(N)]
o

15 the smallest root of the equation

(2.5) N a|*6 — (8AZ + 288)|a|™ + (28A2 — 2496)|a|'? — (56A2 + 2064)| x|

+(702% — 192)|ar|® — 5677 |ar|® + 2822 |a|* — 8 %|al® + A* =0
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in0< ol <1.

Proof.  Since

ffz) #0 (2€U) for f(z) € S, if we write

z > .
—Z):1+nz:1bnz,

then

T =1+ Z o (2.6)
af(az)

for 0 < |a| < 1. Tt follows that
ST =Dk £ (-1 <1 (2,7)
n=4 n=1

1
from Lemma 1. To show that — f(«az)ePy()\), we have to prove that
a

Z |a”b B (2.8)

n4

by means of Lemma 2. Indeed, applying the Cauchy-Schwarz inequality for
the left hand of (2.8), we obtain that

i ol - S (wn = = 220 - 3P4al") ((n = D7)
: (iwn_1)(”—2>2(n—3)2|a|2n)%(i n—1)b |2)1
- (i mn =1 =20 - 3>2wal2”);

4la*\/3(6lal® +52|al* + 43]af2 + 4)
= (2.9)

(1= a?)*

Now, we consider the complex number o (0 < |a| < 1) such that

4laf*\/3(6lal® + 52|l + 43]af2 + 4)

(1= laP2)*

=\ (2.10)
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This give that
h(lal) = A?|al'® — (8A% + 288)|a|™ + (28)\% — 2496)|a|'? — (56 A% + 2064)|a|*°

+(T00% — 192)|al® — 56A%|a|® + 282%|a|* — 8A%|al® + A? = 0.

Noting that h(0) = A > 0 and h(1) = —5040 < 0, h(|a]) = 0 has a root
lap| = |ap(A)] in 0 < || < 1. This completes the proof of the theorem. O

1.
Remark 1 If we take a = 5619 in (2.5), then we have

8v 336
27

If we put A = 1in (2.5), then we see that
|| '€ 4-280] | ** — 2468 x| 2 +2008| | '* — 122|a|* — 56 x| +28|r|* — 8> +1 = 0

A= =5821---.

has a root |ag| such that 0.414 < |ag| < 0.415.

3 Open problem

For the proof of Theorem 1, we apply Cauchy-Schwarz inequality given

S foallonl £ (3 taal?)* (30 )

But we know that Holder inequality given by

by

1

S faullbal < (3 faul?)” (3 10ul7) (p >0,0>0, 2+ 2 1)

is the generalization inequality of Cauchy-Schwarz inequality. Therefore, if
we find some application of Holder inequality for the proof of Theorem 1 in-
stead of Cauchy-Schwarz inequality, then we derive new result which is the
generalization of Theorem 1.
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