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Abstract

In this paper several similarity measures of fuzzy soft sets are introduced. The measures
are examined based on the geometric model, the set-theoretic approach and the
matching function. A comparative study of these measures is done.
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1 Introduction

Uncertainty is present in almost every sphere of our daily life. Traditional mathematical tools are
not sufficient to handle all the practical problems in fields such as medical science, social science,
engineering, economics etc involving uncertainty of various types. Zadeh [21], in 1965, was the
first to come up with his remarkable theory of fuzzy set for dealing these types of uncertainties
where conventional tools fail. His theory brought a grand paradigmatic change in mathematics.
Later there are theories namely the theory of intuitionistic fuzzy sets, vague sets, rough sets,
interval mathematics etc to name a few, all are intended to become a tool for handling the
uncertainty. All these theories are successful to some extent in dealing with the problems arising
due to the vagueness present in the real world. But there are also cases where these theories failed
to give satisfactory results, possibly due to the inadequacy of the parameterization tool in them.
Then in 1999, Molodtsov [16] initiated the theory of soft sets as a new mathematical tool for
dealing with uncertainty. Possible applications of soft set in various problems such as smoothness
of functions, game theory, operation research, Rieman integration, Perron integration, probability
theory, measurement theory, economics, medical science etc are shown by Molodtsov [16] and
others [2, 12, 13]. H. aktas and N. Cagman [1] has shown that every fuzzy set and every rough set
can be considered as a soft set. In that sense we can say that this theory is much more general than
its predecessors.

* Corresponding author



Also in several problems it is often needed to compare two sets. The sets may be fuzzy, may be
vague etc. We often interested to know whether two patterns or images are identical or
approximately identical or at least to what degree they are identical. Several researchers like Chen
[3, 4, 5], Li and Xu [10], Hong and Kim [7], C.P. Pappis [18, 19] and many others [6, 8, 9] has
studied the problem of similarity measurement between fuzzy sets, fuzzy numbers and vague sets.
Recently P. Majumdar and S. K. Samanta [14, 15] have studied the similarity measure of soft sets
and intuitionistic fuzzy soft sets. Similarity measures have extensive application in several areas
such as pattern recognition, image processing, region extraction, Psychology [17], handwriting
recognition [11], decision making [20], coding theory etc.

The main purpose of this paper is to introduce the concept of similarity between fuzzy soft sets.
And that has been done using three different approaches. A comparative study was also done at
the end.

2 Preliminaries

In this section we briefly review some definitions and examples which will be used in rest of the
paper.

Definition 2.1[12] Let U be an initial universal set and let E be a set of parameters.
Let/Y,(I =[0,1]) denote the power set of all fuzzy subsets of U. Let A C E.

A pair (F, A) is called a fuzzy soft set over U, where F is a mapping givenby F: A — 1" .

Example 2.2 As an illustration, consider the following example.

Suppose a soft set (F, E) describes attractiveness of the shirts which the authors are going to wear.

U = the set of all shirts under consideration = { x,,x,,x;,x,,xs}Let Ybe the collection of all

fuzzy subsets of U. Also let E = {colorful, bright, cheap, warm} ={e,,e,,e;,e,}.

Let F(e) = [, 2 0 o) Fle =10, 22 20 2 b Fe)={oh,22,22 20 28 )
X Xy Xy Xy Xs

Fle)={t, 722 20 S5y
So, the fuzzy soft set ( F, E) is a family {F(e,),i =1,2,3,4} of IV,

Definition 2.3[12] For two fuzzy soft sets (F,A)and (G, B)over a common universe U, we say
that (F, A)is a fuzzy soft subset of (G, B)if (i)A C B, (ii)Ve e A, F(€)is a fuzzy subset of G(€).

Definition 2.4[12] (Equality of two fuzzy soft sets) Two soft sets (F,A)and (G,B)over a
common universe U are said to be fuzzy soft equal if (F,A)is a fuzzy soft subset of (G, B)and
(G, B)is a fuzzy soft subset of (F, A).

Definition 2.5[12] (Null fuzzy soft set) A soft set (F,A)over U is said to be null fuzzy soft set
denoted by @, if Vee A, F(€) =null fuzzy set of U .
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Definition 2.6[12] (Absolute fuzzy soft set) A soft set (F,A)over U is said to be absolute fuzzy
soft set denoted by;{, if Vee AF(e)=U.

Definition 2.7[12] Union of two soft sets (F,A)and (G, B) over a common universe U is the soft
set(H,C),where C =AU B,and Vee C,

H(e)=F(e),eec A—B, =G(e),ee B—A,=F(e)uG(e),ee ANB.

We denote the union as (F,A) U (G, B).

Definition 2.8[14] Intersection of two soft sets (F,A)and (G,B)over a common universe U is
the soft set(H,C), where C=AuUB,and Vee C, H(e)=F(e)n G(e). We denote the
intersection as (F,A) () (G,B).

3 Similarity measure of two fuzzy soft sets based on
matching function

In this paper we redefine a fuzzy soft set for greater computational facilities. We also assume that
the universal set U and the parameter set E are finite. Then we define a fuzzy soft set as follows:

Definition 3.1 Let U be an initial universal set and let E be a set of parameters. Let 7V denote the
collection of all fuzzy subsets of U . A pair (F, E) is called a fuzzy soft set over U, where Fis a

mapping given by F: E — 1Y

Actually definitions 1 and 8 are the same because if we take any proper subset A of E and assign
the e- approximation F(e) =0 Vee E\ A, then the fuzzy soft set (F,A)and (F, E) bear the same
meaning.

Let U be the universe and E , the set of parameters. Then we can express a fuzzy soft set over U
as a matrix. We illustrate the process with an example. Consider the example 2. Then the

(i, j)"entry of the matrix is the membership value of F (e,)(x;) if ¢, € A,and it is equal to O if

e, ¢ A, then we get a matrix called a fuzzy membership matrix as below:
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05 10 0 O
09 08 0 1.0

Leti_| g 07 o o | Then with the above interpretation the fuzzy soft set (F,A)is
0O 0 06 0
0O 0 0 03

represented by the matrix A and we write (F ,A):fl. Clearly, the complement of (F, A), i.e.
05 0 10 1.0

. o 0.1 02 1.0 0
(F,A)" will be represented by another matrix B where 2=110 03 10 10!

1.0 1.0 04 1.0
1.0 1.0 1.0 07

Henceforth we will denote a column of the fuzzy membership matrix by the vector f(e,.), or by

simply F'(e;), e.g. here F(el) =(0.5,0.9,0,0,0) in A.
Next we define similarity measure using a matching function.

Definition 3.2 Let (F,E)and (G, E) be two fuzzy soft sets overU . Then the similarity between

n

Y {F(e,)*Gle,))
them, denoted by S(F,G) orS, ;, is defined by S(F,G) =S, ,; =—= )
D A(F(e)’ v(Gle)’}
i=1

The following is an example to illustrate the above definition.

Example 3.3 Let (F,E)and (G, E) be two fuzzy soft sets over U having the fuzzy membership
matrix as follows:

02 05 0 0 013 04 0 O
07 03 0 07 A 0.6 0.1 01 04
A=l o0 10 o o |ad B=|0.1 03 03 0 |

0 0 09 0 0 0 08 O
0 0 0 02 0 0O 0 0.1

whereU ={x,,x,,x;,x,,x;}and the set of parameters 1is E ={e,e,,e;,e,}. Then
4
2 {F(e)*Gle)

S(F,.G)=8,;=—"" =0.617.

4

2 AFe)’ v (Ge)’)
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Proposition 3.4 Let (F,E) and (G, E) be two fuzzy soft sets overU . Then the following holds:
(i) Sps=8Gr (ii)) (F,E)=(G,E)=S,,=1, (iii) (F,E)(G,E)=® & S,;,=0
and (iv) if (F,E)C (H,E) C (G,E),then S,;<S§,

Proof. Trivial
4 Similarity measure based on set theoretic approach

Let U ={x,,x,,.....,x, } be the universal set of elements and E = {e,,e,,.......,e, } be the universal
set of parameters. Let F =(F,E)and G= (G,E)be two fuzzy soft sets over (U,E).Then
F= {F(e;)e P(U);e, € E}, G= {G(e;,)e P(U);e, € E},where  F(e;)is called the e,-th
approximation of F and G(e,) is called the e, -th approximation of G.

P(U)be the collection of all fuzzy subsets of U.

Let M (F,G)indicates the similarity between the soft sets F and G.To find the similarity between

F andG, first we have to find the similarity between their e- approximations. Let
M, (ﬁ , é) denote the similarity between the two e, approximations F'(e;) and G(e; ).

2 (F; nGy)
Definition 4.1 Let us defineM, (F,G)=2————, where F, =F(e,)(x;)e Iand

2 (F;vGy)
2 Y

G, =G(e,)(x,)e I. Then M, , = M(F,G)= mlaxM[(I:",(A?).

An example is given to illustrate the above definition.

Example 4.2 Consider the following two fuzzy soft sets where U ={x,x,,x;,x,}and

E ={e,,e,,e;,¢,}:

02 05 09 1.0 04 03 02 09
pe 0.1 02 06 05|, &= 06 05 02 0.1

05 04 03 02 04 03 02 0.1

0.1 1.0 03 04 1.0 09 08 0.7

Then M, = (2)% =032, M, =0.71, M, =035, M, =0.63

Hence M, =max{M M, M; M, }=M,=0.71

* Corresponding author



Proposition 4.3 Let F =(F,E)and G= (G,E)be two fuzzy soft sets over (U,E).Then the
following conditions hold:
(i) M,o=M,,, (i) F=G=>M,,=1, (i) FNG=®& M, =0and

(iv) FCHcG=M,,<M,

Proof. Can be easily proved from the definitions.

A

Note 4.4 Also here M . ; =1does not imply F = G.

S Similarity measure based on distance

We know that if Aand Bare two fuzzy sets and the distance between them isd, then the
similarity between them can be defined as S = 1od" Again a fuzzy soft set is a collection of its
+

e — approximations which are nothing but fuzzy sets. Here we take the distance between A and
Bas d_(A,B)=max|a, —b,

,where A= (a,,a,,.....,a,) andB = (b,,b,,......,b,) are the two fuzzy
1

1+d_(AB)

Now let (F,E)={F(e;),i=12....,ntand (G,E)={G(e;),j=12,..,n}be two fuzzy soft sets

where F'(e;)is the e,-th approximation of (F,E)and G(e,) is the e,-th approximation of (G, E).

sets. Then the similarity between them will be T(A, B) =

Let T;(F,G) denotes the similarity between the e — approximations F(e;)and G(e,).

1 ; .
So T,(F,G) =W , where d_ is the distance between the e —approximations F(e;)and G(e,) .
+

oo

Then the similarity measure between (F, E) and (G, E) will be denoted by 7'(F,G) and is defined

by
T(F,G)= minT,(F,G)

Example 5.1 Consider the following two fuzzy soft sets, where U ={x,,x,,x;}

and E ={e,,e,,e,}:

02 09 1.0 0.6 09 0.1
F=|10 01 05(and G=|0.7 1.0 0.5

04 02 04 0.1 1.0 04
Then, d' =04,d>=09andd’ =0.9. HenceT, =;=O.71,T2 = ! =0.53 and

1+0.4 1+0.9
1

T, = =0.53. - T..=minT, =0.53
P 1409 re e
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Proposition 5.2 Let (F,E)and (G,E)be two fuzzy soft sets over(U,E). Then the following
holds:

(i) Tpg=T5p, (i) (F,E)=(G,E)T,, =1,
(iii) FcHcG> T, ; <T,, forany soft set (H,E)over (U,E)

Note 5.3 The following property does not hold here:
() FNG=d&T,, =0

6 A comparative study

In this paper we have discussed three types of similarity measure of fuzzy soft sets based on the
matching function S, , the set-theoretic approach M, ; and the geometric model T, ;. Some of

the properties are common to all of them but few properties are exclusive for particular measures.
The table 1 given below gives a comparison between the three measures. From this table we can
have an idea about suitability of a particular measure for a particular application.

Table 1: Comparison table of three types of measures of similarity

Property

Xro=Xer

(F,E)=(G,E)e X, ;=1
(F.E)N(G,E)=P = X,,=0
(F,E)YC(H,E)C(GE)=> X, ;<X

~ oz = <&
~ < = <2

T
Y
Y
N
Y

Here in the tablel, S denotes the similarity measure based on a matching function, M denotes the
measure based on set theoretic approach and T denotes the measure based on geometric model.

7 Conclusion

This paper introduces the notion of similarity between two fuzzy soft sets. We have introduced
three measures of similarity for comparing two fuzzy soft sets. We have studied few properties of
these three measures and at the end compared the properties of all of them. The similarity
measures have natural applications in the field of pattern recognition, feature extraction, region
extraction, image processing, coding theory etc.

Acknowledgement

The present work is partially supported by Special Assistance Programme (SAP) of UGC, New
Delhi, India [Grant No. F.510/8/DRS/2004 (SAP-I)]

* Corresponding author



References

[1] H. Aktas and N. Cagman, “Soft sets and Soft Groups”, Information Science, 117(2007),
pp-2726-2735.

[2] D.G. Chen et al, “Some notes on the Parameterization Reduction of Soft Sets”, Proceeding of
the Second International Conference on Machine Learning and Cybernetics, Xi’an, 2-5 Nov.
2003

[3] S.M Chen, et al, “A comparison of similarity measures of fuzzy values”, Fuzzy sets and

systems, 72(1995),pp. 79-89.
[4] S.M Chen, “Measures of Similarity between vague sets”, Fuzzy sets and systems, 74(1995)
217-223.

[5] S.M Chen, “Similarity Measures between vague sets and between elements”, IEEE
Transactions on System, Man and Cybernetics (Part B), Vol.27,No.(1), (1997), pp.153-168.

[6] P Grzegorzewski, “Distances between intuitionistic fuzzy sets and/or interval-valued fuzzy
sets based on the Hausdorff metric”, Fuzzy sets and systems, 148(2004),pp. 319-328.

[7] D.H Hong and C.A Kim, “Note on Similarity measure between vague sets and elements”,

Information Sciences, 115(1999),pp. 83-96.

[8] J Kacprzyk, Multistage Fuzzy Control, Wiley, Chichester, (1997).

[9] L.T Koczy and T Domonkos, Fuzzy rendszerek, Typotex, (2000).

[10] F Li and Z.Y. Xu, “Similarity measure between vague sets”, Chinese Jr. of Software, Vol.12,
No.(6), (2001), pp. 922-927.

[11] W. Y. Leng and S.M. Shamsuddin, “Writer Identification for chinese handwriting”, Int. J.
Advance. Soft Comput. Appl., Vol.2, No.2, (2010), pp.142-173.

[12] P.K Maji, et al, “Fuzzy soft-sets”, The Jr. of Fuzzy Math, Vol. 9, No.(3), (2001), pp. 589-602.

[13] P.K Maji, et al, “Soft Set Theory”, Computers and Math with Appl., 45(2003),pp. 555-562.

[14] P. Majumdar and S. K. Samanta, “Similarity measure of soft sets”, New Mathematics &
Natural Computation, Vol.4,No.(1), (2008),pp. 1-12.

[15] P. Majumdar and S. K. Samanta, “On Distance based Similarity measure between
Intuitionistic Fuzzy Soft sets”, Anusandhan, Vol.12,No. (22), (2010),pp. 41-50.

[16] D Molodtsov, “Soft set theory —first results”, Computers Math with Appl. 37(1999), pp.19-

31.

[17] R.M. Nosofsky, “Choice, Similarity, and the Context Theory of Classification”, Jr. of Exp.
Psychology: Learning, Memory, and Cognition, Vol. 10 (1984),pp. 104-114.

[18] C.P. Pappis, “Value approximation of fuzzy systems variables”, Fuzzy sets and systems,
39(1991),pp. 111-115

[19] C.P. Pappis and N.I. Karacapilidis, “A comparative assessment of measures of similarity of
fuzzy values”, Fuzzy sets and systems, 56(1993),pp. 171-174.

[20] J. Williams and N. Steele, “Difference, distance and similarity as a basis for fuzzy decision
support based on prototypical decision classes”, Fuzzy sets and systems, 131(2002),pp. 35-46.

[21] L.A.Zadeh, “Fuzzy Sets”, Information and Control, 8(1965) 338-353.

* Corresponding author



