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Abstract 

     This study explores the application of fractional operators to model diffusion, 
dispersion, dissipation, and reaction processes.  Specifically, it examines the initial 
value problem using Caputo and conformable operators, employing the Laplace-
Adomian decomposition method to derive approximate solutions. The solutions 
obtained are illustrated in 2D and 3D for specific values of fractional order, 
demonstrating their convergence. In addition, the absolute errors between the exact and 
approximate solutions are calculated and compared to the constructed problems. The 
advantages and limitations of each fractional operator are explored in terms of model 
accuracy, computational efficiency, and physical interpretability. This analysis reveals 
that conformable operator-based solutions demonstrate superior convergence rates and 
reduced error magnitudes compared to those obtained with the Caputo operator. In 
particular, the conformable solutions exhibit a more rapid convergence to the classical 
solution as the fractional order approaches one, suggesting a more accurate and 
computationally efficient representation of fractional-order dynamics. Conversely, the 
Caputo solutions display slower convergence and a greater deviation from the classical 
solution under similar conditions. These findings suggest that the conformable 
derivative provides a more precise and effective approximation to the classical solution, 
offering potential advantages for modeling fractional-order dynamics.  

     Keywords: fractional Kdv-Burger's-Fisher equation, Caputo operator, Conformable 
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1      Introduction 

Fractional partial differential equations (FPDEs) play a crucial role in various fields, 

including physics, biology, engineering, fluid mechanics, and viscoelasticity [19, 36]. 

Since most FPDEs lack exact solutions, researchers often rely on approximate and 

numerical methods to address the solutions to these equations [21, 39, 40]. FPDEs extend 

traditional partial differential equations (PDEs) of integer order and find extensive 

applications across various scientific fields [4, 5, 7, 15, 30, 32]. Given their broad 

relevance, numerous operators have been introduced in the literature to address FPDEs [33, 

41]. 

Many phenomena described by integer-order PDEs are challenging to capture effectively, 

which underscores the importance of studying FPDEs [20, 31]. Recently, researchers have 

attracted significant interest in these kinds of equations due to their extensive applications 

in various scientific and engineering fields. To explore the mechanisms governed by 

FPDEs, we focused on the time-fractional KdV-Burgers-Fisher type equation. This 

nonlinear equation encompasses the mechanisms of reaction, dispersion, and dissipation, 

integrating the diffusion properties of the Burgers and Fisher equations along with their 

reaction dynamics. 

For clarity, we briefly recall these physical mechanisms: diffusion represents nonlinear 

transport (e.g., of heat or mass), dissipation corresponds to energy loss, dispersion 

quantifies the spreading of energy, and the reaction term typically models population 

dynamics leading toward equilibrium. These combined effects are elegantly captured by 

the KBF equation, introduced by Kocak [25] in the following form: 

𝑢𝑡 + 𝐾𝑢𝑢𝑥 − μ𝑢𝑥𝑥 + 𝑌𝑢𝑥𝑥𝑥 = 𝑔𝑢(1 − 𝑢) (1) 

which characterizes the dynamics of the desired function u(x, t) depending on time and 

space. The coefficients 𝐾, μ, 𝑌, and 𝑔 represent the diffusion, dissipation, dispersion, and 

reaction terms, respectively. The Eq. (1) includes many types of significant equations 

depending on the mentioned coefficients. For μ = 𝑔 = 0, it becomes the well-known KdV 

equation. In the case of 𝑔 = 0, it becomes the KdV-Burger’s equation. Taking 𝑌 = 𝑔 = 0 

in Eq. (1)  converts it into Burger’s equation. When 𝑌 = 0, we get the Burgers-Fisher 

equation. For 𝐾 = 𝑌 = 0, the Fisher equation is acquired. If 𝐾 = μ = 0, then the Eq. 
(1) changes to the dispersive-Fisher equation. 

Although these classical models have been widely studied [8, 12, 16, 37], investigations 

of the fractional form of the KBF equation remain limited. Few papers have looked at this 

equation since it has recently been proposed. In particular, the literature lacks 

comprehensive studies that analyze approximate solutions of its fractional variants. This 

gap motivates the present study, which develops an analytical framework using the Laplace 

Adomian Decomposition Method (LADM) to treat both Caputo and conformable 

fractional formulations. 

This paper addresses the two types of time-fractional initial value problems for the KBF 

equation, defined as follows: 

⬚𝐶𝐷𝑡
γ

𝑢 + 𝐾𝑢𝑢𝑥 − μ𝑢𝑥𝑥 + 𝑌𝑢𝑥𝑥𝑥 = 𝑅(𝑢), (2) 

and 

⬚𝑐𝑓𝐷𝑡
γ

𝑢 + 𝐾𝑢𝑢𝑥 − μ𝑢𝑥𝑥 + 𝑌𝑢𝑥𝑥𝑥 = 𝑅(𝑢), (3) 

subject to the initial condition; 
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𝑢(𝑥, 0) = ℎ(𝑥). (4) 

where 𝑅(𝑢) = 𝑔𝑢(1 − 𝑢) is a logistic reaction function. In (2) and (3), ⬚𝐶𝐷𝑡
γ
 and ⬚𝑐𝑓𝐷𝑡

γ
 

denote the Caputo's and conformable operators, respectively. Hence, these equations 

characterize the time-fractional dispersion, dissipation, and diffusion model in nonlinear 

wave propagation with a logistic reaction term. 

A key focus in the study of FPDEs is the development of exact and approximate solutions. 

Many techniques have been devised to obtain accurate numerical and exact solutions, with 

various methods applied to different types of equations. Exact and numerical solutions for 

non-linear FPDEs have been obtained using a range of mathematical techniques that have 

been developed and studied. Notable examples include the first-integral method [13], the 

sub-equation method [29], the fractional reduced differential transformation method [1], 

the q-homotopy analysis transform method [28], the Elzaki homotopy perturbation method 

[35], the Yang transform decomposition method [38], the natural transform decomposition 

method [10], the variational iteration transform method [6], the iteration method via 

decomposition technique [34], the Laplace Adomian decomposition method (LADM) [14, 

17, 23]. 

One of the most powerful methods for solving FPDEs is the LADM. This approach offers 

several remarkable advantages, including rapid convergence to exact solutions after a finite 

number of iterations and exceptional stability against discretization and perturbation 

challenges. Additionally, the LADM simplifies the treatment of nonlinearities through the 

use of Adomian polynomials, which are particularly effective in managing complex terms. 

In this study, the LADM is employed to derive approximate solutions for the time-

fractional KBF equation. To our knowledge, the initial value problems (2) and (3) with (4) 

have not been explored with the LADM for approximate solutions. In addition, we provide 

a detailed convergence and error analysis of the method. The findings not only offer a fresh 

perspective on the solution behavior but also contribute novel insights to the broader body 

of research on fractional-order dynamics. This work highlights the utility of LADM as a 

versatile and robust tool for addressing a wide range of FPDEs, with implications across 

numerous scientific and engineering disciplines. 

This paper is organized as follows: Section 2 presents key information about Caputo and 

conformable derivatives, along with their properties. In Section 3, the LADM is explored 

in detail for FPDEs, focusing on both the Caputo and conformable derivatives. Section 4 

discusses the application of LADM to obtain approximate solutions to the time-fractional 

KBF equation in both the Caputo and conformable senses. Section 5 provides a 

convergence and error analysis for the method. Finally, Section 6 concludes with a 

summary of the main findings. 

2      Preliminaries and Notations 

This section is dedicated to the basic definitions, properties, and notation related to 

fractional operators that are required throughout the paper. Both Caputo and conformable 

fractional derivatives are considered, since they describe distinct memory effects and lead 

to different dynamical behaviors in the fractional KBF equation. For more information on 

the mentioned fractional operators, see [18, 24, 26, 27]. 
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2.1      Caputo's Fractional Operator 

The well-known γ-th order Caputo's fractional derivative of a differentiable function 𝑓(𝑡) 

is defined by 

⬚𝐶𝐷𝑡
γ

𝑓(𝑡) =
1

Γ(𝑛 − γ)
∫

𝑓(𝑛)(𝑠)

(𝑡 − 𝑠)γ+1−𝑛

𝑡

0

 𝑑𝑠,  𝑛 − 1 < γ ≤ 𝑛, (5) 

where ⬚𝐶𝐷𝑡
𝑟 represents Caputo's fractional operator and Γ(𝑡) is the gamma function given 

by 

Γ(𝑡) = ∫ 𝑒−𝑠𝑠𝑡−1
∞

0

 𝑑𝑠. (6) 

For 0 < γ ≤ 1, the Caputo's fractional derivative turns into 

⬚𝐶𝐷𝑡
γ

𝑓(𝑡) =
1

Γ(1 − γ)
∫

𝑓′(𝑠)

(𝑡 − 𝑠)γ

𝑡

0

 𝑑𝑠,  0 < γ ≤ 1. (7) 

The Caputo definition is particularly suitable for initial value problems, since it allows the 

use of standard physical initial conditions in terms of integer-order derivatives (e.g., 

𝑢(𝑥, 0) = ℎ(𝑥)). Some advantageous properties of Caputo's fractional derivative are given 

in the following: 

⬚𝐶𝐷𝑡
γ

𝑡𝑚 =
Γ(1 + 𝑚)

Γ(1 + 𝑚 − γ)
𝑡(𝑚−γ), (8) 

⬚𝐶𝐷𝑡
γ

(𝑐𝑓(𝑡)) = 𝑐𝐷𝑡
γ

(𝑓(𝑡)), (9) 

⬚𝐶𝐷𝑡
γ(𝑐) = 0, (10) 

⬚𝐶𝐷𝑡
γ

(𝑎𝑓(𝑡) + 𝑐𝑔(𝑡)) = 𝑎𝐷𝑡
γ

(𝑓(𝑡)) + 𝑐𝐷𝑡
γ

(𝑔(𝑡)), (11) 

where 𝑎 and 𝑐 are arbitrary constants. 

2.2      Conformable Fractional Operator 

Let 𝒇: [𝟎, ∞[→ 𝑹 be a function.  

1. The "conformable derivative" of  𝒇 of order 𝛄 is defined by  

⬚𝒄𝒇𝑫𝛄(𝒇)(𝒕) = 𝐥𝐢𝐦
𝛆→𝟎

𝒇(𝒕 + 𝛆𝒕𝟏−𝛄) − 𝒇(𝒕)

𝛆
,  𝒇𝒐𝒓 𝒂𝒍𝒍  𝒕 > 𝟎,  𝛄 ∈ [𝟎, 𝟏], 

where ⬚𝑐𝑓𝐷𝛾 represents a conformable fractional operator. 

 

2. 𝑓  is considered γ -differentiable if γ -th order fractional derivative of  𝑓  in a 

conformable sense exists. 

3. If 𝑓 is γ-differentiable in some ]0, 𝑎[, 𝑎 > 0 and  

lim
𝑡→0+

𝑓(𝛾)(𝑡), 

exists, then we define 

𝑓(γ)(0) = lim
𝑡→0+

𝑓(𝛾)(𝑡). 
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Unlike the Caputo operator, the conformable derivative is local and better suited for 

problems focusing on short-term memory or smooth transitions, making it a useful 

comparison framework for our study. We give some important properties that satisfy the 

conformable derivative: 

• 𝐷𝑐𝑓
⬚

γ(𝑎𝑓 + 𝑏𝑔) = 𝑎𝑐𝑓𝐷γ(𝑓) + 𝑏𝑐𝑓𝐷γ(𝑔),  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑎, 𝑏 ∈ 𝑅. 

• ⬚𝑐𝑓𝐷γ(𝑡𝑝) = 𝑝𝑡𝑝−γ,  𝑓𝑜𝑟 𝑎𝑙𝑙 𝑝 ∈ 𝑅. 

• ⬚𝑐𝑓𝐷γ(λ) = 0, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑓 ≡ λ. 

• ⬚𝑐𝑓𝐷γ(𝑓𝑔) = 𝑓𝑐𝑓𝐷γ(𝑔) + 𝑔𝑐𝑓𝐷γ(𝑓). 

• ⬚𝑐𝑓𝐷γ (
𝑓

𝑔
) =

𝑔𝑐𝑓𝐷γ(𝑓)−𝑓𝑐𝑓𝐷γ(𝑔)

𝑔2 . 

2.3      Laplace Transform of Fractional Derivatives 

The Laplace transform plays a central role in the Laplace-Adomian decomposition method 

(LADM). For the Caputo derivative: 

ℒ{𝐶𝐷𝑡
γ

𝑓(𝑡)}(𝑠) = 𝑠γ𝐹(𝑠) − 𝑠γ−1𝑓(0), (12) 

while for the conformable derivative: 

ℒ{𝑐𝑓𝐷𝑡
γ

𝑓(𝑡)}(𝑠) = 𝑠γ𝐹(𝑠) − 𝑠γ−1𝑓(0), (13) 

so, both operators yield similar Laplace-domain structures but correspond to different time-

domain interpretations. 

2.4     Boundary and Initial Conditions 

In this study, we consider bounded spatial domains 𝒙 ∈ [𝟎, 𝑳] with Dirichlet boundary 

conditions 

𝒖(𝟎, 𝒕) = 𝒖(𝑳, 𝒕) = 𝟎, (𝟏𝟒) 

and initial condition 

𝒖(𝒙, 𝟎) = 𝒉(𝒙), (𝟏𝟓) 

which represent physically significant constraints for many diffusion–reaction–dispersion 

systems such as plasma waves, traffic flow, or fluid–structure interactions. These 

conditions ensure well-posedness and allow straightforward Laplace transformations in 

time. 

3      Description of the Proposed Method Methodology 

In this section, we present the Laplace-Adomian decomposition method (LADM) to 

obtain approximate analytical solutions of the time-fractional Korteweg-de Vries-

Burgers-Fisher (KBF) equations given by (2) and (3). The method combines the Laplace 

transform with the Adomian decomposition technique, providing a systematic framework 

to handle both linear and nonlinear operators. It also provides an overview of the method 

for FPDEs, highlighting the distinct applications of both Caputo and conformable 
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operators. The method offers a powerful approach for obtaining approximate solutions to 

complex FPDEs by decomposing the problem into a series of solvable components. We 

discuss how the decomposition method can be applied separately to each fractional 

operator, with a focus on their respective strengths and challenges. Additionally, the 

section outlines the key steps involved in implementing the Laplace-Adomian method, 

including the calculation of Adomian polynomials and the use of the Laplace transform 

to facilitate the solution process. 

3.1     The LADM Approach for Caputo Fractional Model 

In this section, we illustrate the application of the LADM method to FPDEs, with a 

particular focus on those involving the Caputo derivative. We walk through the key steps 

of the method, demonstrating how it effectively decomposes the problem into manageable 

components. 

Let us take the time-fractional PDE given by 

⬚𝐶𝐷𝑡
γ

𝑢(𝑥, 𝑡) = 𝐿(𝑢(𝑥, 𝑡)) + 𝑁(𝑢(𝑥, 𝑡)) + 𝑔(𝑥, 𝑡) 𝑛 − 1 < γ ≤ 𝑛, (16) 

with 

⬚𝐶𝐷𝑡
𝑟𝑢(𝑥, 0) = ℎ(𝑥),  𝑟 = 0,1,2, … , 𝑛 − 1, (17) 

⬚𝐶𝐷𝑡
𝑛𝑢(𝑥, 0) = 0, (18) 

where ℎ (𝑥) is a given function of 𝑥, 𝐿  and 𝑁  are the linear and nonlinear operators, 

respectively. 

Note that the Laplace transform of ⬚𝐶𝐷𝑡
γ

𝑢(𝑥, 𝑡) in Caputo's type is defined by 

ℒ{{𝐶𝐷𝑡
𝛾

𝑢(𝑡)} = 𝑠𝛾ℒ{𝑢(𝑡)} − ∑ 𝑠⬚
𝛾−𝑟−1

⬚𝐶𝐷𝑡
𝑟𝑢(0)

𝑛−1

𝑟=0

,  𝑛 − 1 < 𝛾 ≤ 𝑛, (19) 

where 𝑠 is the Laplace domain function [22]. 

The Laplace transform is first applied to both sides of (16). Then, it turns into 

ℒ{𝐶𝐷𝑡
𝛾

𝑢(𝑥, 𝑡)} = ℒ{𝐿(𝑢(𝑥, 𝑡)) + 𝑁(𝑢(𝑥, 𝑡)) + 𝑔(𝑥, 𝑡)}. (20) 

Taking the properties into account provides 

ℒ{𝑢(𝑡)} = ∑ 𝑠−𝑟−1

𝑛−1

𝑟=0

ℎ𝑟(𝑥) +
1

𝑠𝛾
ℒ{𝐿(𝑢(𝑥, 𝑡)) + 𝑁(𝑢(𝑥, 𝑡)) + 𝑔(𝑥, 𝑡)}. (21) 

In (21), applying the inverse operator of the Laplace transform to both sides gives 

𝑢(𝑥, 𝑡) = ∑
𝑡𝑟

Γ(𝑟 + 1)
ℎ𝑟(𝑥)

𝑛−1

𝑟=0

+ ℒ1 {
1

𝑠𝛾
(ℒ{𝑔(𝑥, 𝑡)})} 

+ℒ−1 {
1

𝑠𝛾
ℒ{𝐿(𝑢(𝑥, 𝑡)) + 𝑁(𝑢(𝑥, 𝑡))}} . (22) 

The LADM [3] proposes that solution 𝑢(𝑥, 𝑡) is represented by the following infinite series 
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𝑢(𝑥, 𝑡) = ∑ 𝑢𝑖(𝑥, 𝑡)

∞

𝑖=0

, (23) 

where the functions  𝑢𝑖(𝑥, 𝑡), 𝑖 = 0,1,2, …  are the components of the solution. 

The nonlinear term 𝑁(𝑢(𝑥, 𝑡))  is defined by  

𝑁(𝑢(𝑥, 𝑡)) = ∑ 𝐴𝑖 

∞

𝑖=0

, (24) 

where 𝐴𝑖  are the Adomian polynomials [2] given by 

𝐴𝑛 =
1

𝑛!

𝑑𝑛

𝑑α𝑛
[𝑁 (∑ α𝑛𝑢𝑛

∞

𝑛=0

)] , 𝑛 = 0,1,2, … (25) 

Putting (23) and (24) into equation (22) yields 

∑ 𝑢𝑖(𝑥, 𝑡)

∞

𝑖=0

= ∑
𝑡𝑟

Γ(𝑟 + 1)
ℎ𝑟(𝑥)

𝑛−1

=0

+ ℒ−1 {
1

𝑠γ
(ℒ{𝑔(𝑥, 𝑡)})} + ∑ c𝐿−1 {

1

𝑠γ
ℒ{𝐿(𝑢𝑖(𝑥, 𝑡)) + 𝐴𝑖}}

∞

𝑖=0

. (26) 

From (26), the following relations are granted 

𝑢0(𝑥, 𝑡) = ∑
𝑡𝑟

Γ(𝑟 + 1)
ℎ𝑟(𝑥)

𝑛−1

𝑟=0

+ ℒ1 {
1

𝑠γ
(ℒ{𝑔(𝑥, 𝑡)})} , (27) 

and 

𝑢𝑖+1(𝑥, 𝑡) = ℒ−1 {
1

𝑠γ
ℒ{𝐿(𝑢𝑖(𝑥, 𝑡)) + 𝐴𝑖}} ,  𝑖 ≥ 0. (28) 

(27) and (28) provide us with the components of the solution. Hence, the approximate 

analytical solution of the equation (16) subjected to the conditions (17) and (18) is 

obtained. 

3.2     The LADM Approach for Conformable Operator Model 

In this section, we illustrate the application of the LADM method to FPDEs, specifically 

those involving the conformable operator. We outline the steps of the method, 

demonstrating how it decomposes the problem into solvable parts. Furthermore, we 

emphasize the benefits of using the conformable derivative within this approach, 
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highlighting its efficiency and precision in providing accurate approximate solutions for 

various FPDEs. 

We consider the following problem 

⬚𝒄𝒇𝑫𝛄𝒖(𝒙, 𝒕) = 𝑳(𝒖(𝒙, 𝒕)) + 𝑵(𝒖(𝒙, 𝒕)) + 𝒈(𝒙, 𝒕) 𝒏 − 𝟏 < 𝛄 ≤ 𝒏, (𝟐𝟗) 

subject to   

⬚𝒄𝒇𝑫𝒓𝒖(𝒙, 𝟎) = 𝒉(𝒙),  𝒓 = 𝟎, 𝟏, 𝟐, … , 𝒏 − 𝟏, (𝟑𝟎) 

⬚𝑪𝑫𝒕
𝒏𝒖(𝒙, 𝟎) = 𝟎. (𝟑𝟏) 

It is worth noting that the Laplace transform of 𝑫𝒕
𝛄
𝒖(𝒙, 𝒕) in conformable type is defined 

by 

𝓛𝛄{ 𝑫𝒄𝒇
⬚

𝛄𝒖(𝒕)}(𝒔) = 𝒔𝓕𝛄(𝒔) − 𝒖(𝟎),      𝒔 > 𝟎. (𝟑𝟐) 

If the Laplace transform is applied to both sides of the Eq. (29) w.r.t 𝒕, it turns into the 

following: 

𝓛{𝒄𝒇𝑫𝒕
𝜸

𝒖(𝒙, 𝒕)} = 𝓛{𝑳(𝒖(𝒙, 𝒕)) + 𝑵(𝒖(𝒙, 𝒕)) + 𝒈(𝒙, 𝒕)}. (𝟑𝟑) 

Utilizing the properties given above provides 

𝓛{𝒖(𝒙, 𝒕)} =
𝟏

𝒔
𝒉𝒓(𝒙) +

𝟏

𝒔
𝓛{𝑳(𝒖(𝒙, 𝒕)) + 𝑵(𝒖(𝒙, 𝒕)) + 𝒈(𝒙, 𝒕)}. (𝟑𝟒) 

The inverse Laplace operator is applied to both sides of the Eq. (34). Then, the following 

is granted: 

𝒖(𝒙, 𝒕) = 𝒉𝒓(𝒙) + 𝓛−𝟏 {
𝟏

𝒔
(𝓛{𝒈(𝒙, 𝒕)})} + 𝓛−𝟏 {

𝟏

𝒔
𝓛{𝑳(𝒖(𝒙, 𝒕)) + 𝑵(𝒖(𝒙, 𝒕))}} . (𝟑𝟓) 

By following the previous process technique, we get the following iterative algorithm   

𝒖𝟎(𝒙, 𝒕) = 𝒉𝒓(𝒙) + 𝓛−𝟏 {
𝟏

𝒔
(𝓛{𝒈(𝒙, 𝒕)})} , (𝟑𝟔) 

and 

𝒖𝒊+𝟏(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔
𝓛{𝑳(𝒖𝒊(𝒙, 𝒕)) + 𝑨𝒊}} ,  𝒊 ≥ 𝟎, (𝟑𝟕) 

where equations (36) and (37) provide us with the components of the solution. Thus, the 

approximate analytical solution of the equation (16) subjected to the conditions (30) and 

(31) is obtained. The resulting series converges rapidly under mild smoothness 
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conditions on 𝒉(𝒙) and 𝑵(𝒖). Dependence on the fractional order 𝛄 can be directly 

observed through the contribution of 𝒔−𝛄 terms in the Laplace domain. 

Compared with other analytical techniques such as the homotopy analysis method, 

variational iteration method, or natural transform methods, the LADM offers several 

advantages: 

• It avoids linearization, perturbation, or discretization, preserving the nonlinear 

character of the problem. 

• Only a few iterations are required to obtain a rapidly convergent series solution. 

• It accommodates different fractional operators (Caputo and conformable) in a 

unified Laplace-domain framework. 

• Analytical insight into the impact of the fractional order $\gamma$ on the 

solution can be directly obtained. 

These properties make LADM particularly suitable for nonlinear fractional PDEs like the 

KBF equation. 

4      Applications 

In this section, we provide numerical examples to demonstrate the efficiency and 

accuracy of the Laplace Adomian Decomposition Method (LADM) for solving the time 

fractional KBF equations. Both Caputo and Conformable are considered to highlight the  

effect of different fractional operators on the solution behavior. 

4.1     Caputo Fractional KBF Equation 

Consider the fractional KBF equation with Caputo derivative 

⬚𝑪𝑫𝒕
𝛄
𝒖 + 𝒖𝒖𝒙 − 𝒖𝒙𝒙 − 𝒖𝒙𝒙𝒙 = −𝒖(𝟏 − 𝒖), (𝟑𝟖) 

with 

𝒖(𝒙, 𝟎) = 𝒆𝒙, (𝟑𝟗) 

where ⬚𝑪𝑫𝒕
𝛄
represents the Caputo fractional derivative with 𝟎 < 𝛄 ≤ 𝟏. In the Eq. (16), 

𝑳(𝒖) = 𝒖𝒙𝒙 − 𝒖𝒙𝒙𝒙 − 𝒖, 𝑵(𝒖) = 𝒖𝟐 − 𝒖𝒖𝒙, and 𝒇(𝒙, 𝒕) = 𝟎 are taken. Pursuing the 

way outlined earlier (20)-(26) yields the following equalities: 

𝒖𝟎(𝒙, 𝒕) = 𝒆𝒙, (𝟒𝟎) 

𝒖𝒊+𝟏(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔𝛄
𝓛{𝑳(𝒖𝒊(𝒙, 𝒕)) + 𝑵(𝒖𝒊(𝒙, 𝒕)}} , 𝒊 ≥ 𝟏 (𝟒𝟏) 

where 𝑳(𝒖𝒊) = 𝒖𝒊𝒙𝒙
− 𝒖𝒊𝒙𝒙𝒙

− 𝒖𝒊 and 𝑵(𝒖𝒊) = 𝑨𝒊 + 𝑩𝒊, where 𝑨𝒊 and 𝑩𝒊 are the 

Adomian polynomials for 𝒖𝒊
𝟐 and 𝒖𝒊𝒖𝒊𝒙

, respectively. 
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Eq. (41) provides us with the components as follows by (42): 

𝒖𝟏(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔𝜸
𝓛{𝑳(𝒖𝟎(𝒙, 𝒕)) + 𝑵(𝒖𝟎(𝒙, 𝒕)}} = 𝒆𝒙

𝒕𝜸

𝚪(𝜸 + 𝟏)
,  

𝒖𝟐(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔𝜸
𝓛{𝑳(𝒖𝟏(𝒙, 𝒕)) + 𝑵(𝒖𝟏(𝒙, 𝒕)}} = 𝒆𝒙

𝒕𝟐𝜸

𝚪(𝟐𝜸 + 𝟏)
,    

𝒖𝟑(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔𝜸
𝓛{𝑳(𝒖𝟐(𝒙, 𝒕)) + 𝑵(𝒖𝟐(𝒙, 𝒕)}} = 𝒆𝒙

𝒕𝟑𝜸

𝚪(𝟑𝜸 + 𝟏)
,    

                     ⋮ 

The partial sum 𝒖𝑵(𝒙, 𝒕) = ∑ 𝒖𝒏(𝒙, 𝒕)𝑵
𝒏=𝟎  provides an accurate approximation for the 

solution. Putting the components into (23) gives the desired solution. 

𝒖(𝒙, 𝒕) = 𝒖𝟎 + 𝒖𝟏 + 𝒖𝟐 + 𝒖𝟑 + ⋯ , (𝟒𝟑) 

𝒖(𝒙, 𝒕) = 𝒆𝒙 (𝟏 +
𝒕𝛄

𝚪(𝛄 + 𝟏)
+

𝒕𝟐𝛄

𝚪(𝟐𝛄 + 𝟏)
+

𝒕𝟑𝛄

𝚪(𝟑𝛄 + 𝟏)
+ ⋯ ) . (𝟒𝟒) 

The solution (43) can be written in a closed form 

𝒖(𝒙, 𝒕) = 𝒆𝒙 ∑
𝒕𝒏𝜸

𝚪(𝒏𝜸 + 𝟏)

∞

𝒏=𝟎

. (𝟒𝟓) 

Putting 𝛄 = 𝟏 in (45) yields the exact solution 

𝒖(𝒙, 𝒕) = 𝒆𝒙+𝒕. (𝟒𝟔) 

4.2     Conformable Fractional KBF Equation 

Consider the same problem but with the conformable derivative 𝑫⬚
𝒄𝒇

𝒕
𝛄
. The LADM 

procedure follows analogously, with 

⬚𝒄𝒇𝑫𝒕
𝛄
𝒖 + 𝒖𝒖𝒙 − 𝒖𝒙𝒙 − 𝒖𝒙𝒙𝒙 = −𝒖(𝟏 − 𝒖), (𝟒𝟕) 

with 

𝑢(𝑥, 0) = 𝑒𝑥, (48) 

where 0 < γ ≤ 1. 

In a similar manner, we obtain 

𝑢0(𝑥, 𝑡) = 𝑒𝑥, (49) 

and 
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𝒖𝟏(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔𝜸
𝓛{𝑳(𝒖𝟎(𝒙, 𝒕)) + 𝑵(𝒖𝟎(𝒙, 𝒕)}} = 𝒆𝒙

𝒕𝜸

𝜸
 , (50) 

𝒖𝟐(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔𝜸
𝓛{𝑳(𝒖𝟏(𝒙, 𝒕)) + 𝑵(𝒖𝟏(𝒙, 𝒕)}} = 𝒆𝒙

𝒕𝟐𝜸

𝟐! 𝜸𝟐
 , (51) 

𝒖𝟑(𝒙, 𝒕) = 𝓛−𝟏 {
𝟏

𝒔𝜸
𝓛{𝑳(𝒖𝟐(𝒙, 𝒕)) + 𝑵(𝒖𝟐(𝒙, 𝒕)}} = 𝒆𝒙

𝒕𝟑𝜸

𝟑! 𝜸𝟑
 , (52) 

and so on. 

Putting the components into (23) gives the desired solution 

𝑢(𝑥, 𝑡) = 𝑢0(𝑥, 𝑡) + 𝑢1(𝑥, 𝑡) + 𝑢2(𝑥, 𝑡) + 𝑢3(𝑥, 𝑡) + ⋯, 

so, 

𝑢(𝑥, 𝑡) = 𝑒𝑥 [1 +
𝑡𝛾

γ
+

𝑡2γ

2! γ2
+

𝑡3γ

3! γ3
+ ⋯ ] = 𝑒𝑥𝑒

𝑡𝛾

𝛾 = 𝑒
𝑥+

𝑡𝛾

𝛾 , (53) 

For γ = 1, equation (42) grants the exact solution 

𝑢(𝑥, 𝑡) = 𝑒𝑥+𝑡. (54) 

 

Numerical computations show that: 

• The LADM series converges rapidly for both Caputo and conformable derivatives. 

• The fractional order γ significantly influences the amplitude and dispersion of the 

solution. 

• For the conformable derivative, the local nature of the operator produces slightly 

smoother profiles compared with the Caputo derivative. 

• Dirichlet boundary conditions are preserved at each iteration, ensuring physically 

meaningful solutions. 

These results validate the effectiveness and flexibility of LADM for solving nonlinear 

time-fractional PDEs in both Caputo and conformable senses. Furthermore, the LADM 

requires no mesh generation, linearization, or iterative solvers; thus, its computational 

complexity grows linearly with the number of iterations. In symbolic implementations 

(e.g., Maple, Mathematica), all operations are analytical, leading to very low runtime even 

for complex nonlinearities. Compared to finite difference or homotopy-based methods, the 

LADM is both computationally efficient and memory-light, while retaining analytical 

interpretability. 

4.3     Solution Accuracy Variations Across Varied Methodologies 

The approximate solutions of the time-fractional KBF equation involving Caputo and 

conformable derivatives are analyzed numerically and graphically for different values of 

𝛾. The solutions are examined to observe their behavior and convergence patterns as the 

fractional order varies. Graphical representations illustrate the distinct characteristics of 

each approach, providing insights into the solution dynamics for various values of γ. 
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(a) Caputo’s sense for 𝛾 =  0.25.   (b) Conformable sense for 𝛾 =  0.25. 

 

Fig. 1: Surface plots of the approximate solutions for 𝛾 =  0.25  in 

Caputo and conformable senses, respectively. 

 

 

    

 

(a) Caputo’s sense for 𝛾 =  0.5.                 (b) Conformable sense for 𝛾 =  0.5. 

 

Fig. 2: Surface plots of the approximate solutions for 𝛾 =  0.5 in Caputo and 

conformable senses, respectively. 
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(a) Caputo’s sense for 𝛾 =  0.75.         (b) Conformable sense for 𝛾 =  0.75. 

 

Fig. 3: Surface plots of the approximate solutions for 𝛾 =  0.75 in Caputo and 

conformable senses, respectively. 

 

   

 
(a) Caputo’s sense for 𝛾 =  1.             (b) Conformable sense for 𝛾 = 1. 

 

Fig. 4: Surface plots of the approximate solutions for 𝛾 =  1 in Caputo and 

conformable senses, respectively. 

The surface plots illustrating the approximate solutions obtained using Caputo's and 

conformable derivatives are presented in Figs. (1) through (4). These figures demonstrate 

the behavior of the solutions as a function of the parameter γ. Although the plots exhibit a 

similar overall shape at each step, subtle differences in the solution values are evident, 

highlighting the nuanced variations between the two methods. The contour plots, which 

illustrate the corresponding solutions, are likewise presented. The distinction between them 

becomes strikingly evident, as demonstrated in (6) and (7). 
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(a) Approximations in Caputo’s             (b) Approximations in Caputo’s   
sense as 𝛾 →  1.                                              sense as 𝛾 →  1.  
 

Fig. 5: 2D plots of the approximate solutions for different values of 𝛾 in Caputo 

and conformable senses. 

Fig. (5) illustrates that, as 𝛾 → 1 , the solutions of the problem considered in the 

conformable sense converge to the classical solution more rapidly. The error between the 

conformable solutions and the classical solution decreases at a faster rate, indicating more 

efficient convergence. In contrast, the solutions in the Caputo sense exhibit slower 

convergence, with a larger deviation from the classical solution even as 𝛾 approaches 1. 

This behavior highlights that the conformable derivative provides a more accurate and 

effective approximation to the classical solution in the limit. These results suggest that the 

conformable derivative may offer enhanced performance in modeling fractional-order 

dynamics, especially for problems where a more precise approximation to the classical 

solution is required. Additionally, the faster convergence observed in the conformable 

sense may lead to computational advantages in certain applications.     

 

  

               (a) γ = 0.25. (b) γ = 0.5. 
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               (c) γ = 0.75. (d) γ = 1. 

Fig. 6: Contour plots of the approximate solutions for different values of 𝛾 in 

Caputo’s sense. 

 

  

               (a) γ = 0.25. (b) γ = 0.5. 
 

               (c) γ = 0.75.                                            (d) γ = 1. 

 

Fig. 7: Contour plots of the approximate solutions for different values of 𝛾 in con- 
formable sense. 
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5      Analysis of Error Propagation and Convergence 

We present the sufficient conditions for the convergence and provide an error analysis for 

the method described above. It is proposed that the solution is of the following form 

𝑢(𝑥, 𝑡) = ∑ 𝑢𝑖(𝑥, 𝑡)

∞

𝑖=0

. (55) 

Theorem 5.1 

If there exists 0 < 𝑀 < 1 s.t  

||𝑢𝑖+1(𝑥, 𝑡)|| ≤ 𝐻||𝑢𝑖(𝑥, 𝑡)||,  ∀𝑖 ≥ 𝑖0, (56) 

for some 𝑖0, then the solution (55) is convergent. 

Proof: 

The Banach space (𝐶([𝐼]), ||. ||) of all continuous functions 𝑓(𝑥, 𝑡) on the interval 𝐼 with 

the usual norm ||𝑓(𝑥, 𝑡)|| = max
(𝑥,𝑡)∈𝐼

|𝑓(𝑥, 𝑡)| is considered. 

Let 𝑆𝑛 be a sequence of the following sum 

𝑆𝑛 = 𝑢0(𝑥, 𝑡) + 𝑢1(𝑥, 𝑡) + ⋯ + 𝑢𝑛(𝑥, 𝑡). (57) 

It will be shown that 𝑆𝑛 is a Cauchy sequence in (𝐶([𝐼]), ||. ||). Indeed, 

||𝑆𝑛+1 − 𝑆𝑛|| = ||𝑢𝑛+1|| ≤ 𝐻||𝑢𝑛|| ≤ ⋯ ≤ 𝐻𝑛−𝑖0+1 ||𝑢𝑖0
|| . (58) 

Then, we have 

||𝑆𝑛 − 𝑆𝑚|| = || ∑ (𝑆𝑘+1 − 𝑆𝑘)

𝑛−1

𝑘=𝑚

|| ≤ ∑ ||(𝑆𝑘+1 − 𝑆𝑘)||

𝑛−1

𝑘=𝑚

, (59) 

≤ ∑ ||𝑢𝑖0
||

𝑛−1

𝑘=𝑚

=
1 − 𝐻𝑛−𝑚

1 − 𝐻
𝐻𝑚−𝑖0+1 ||𝑢𝑖0

|| , (60) 

for every 𝑛, 𝑚 ∈ 𝑁 and 𝑛 ≥ 𝑚 > 𝑖0. 

As 0 < 𝐻 < 1, we reach the following 

𝑙𝑖𝑚𝑛,𝑚→∞||𝑆𝑛 − 𝑆𝑚|| = 0. (61) 

The following theorem provides us with the estimate for maximum absolute truncated 

error. 

Theorem 5.2 

Let ∑ 𝑢𝑖(𝑥, 𝑡)𝑚
𝑖=0  an approximate solution. Then the maximum absolute error between the 

approximate and exact solution is computed as 

||𝑢(𝑥, 𝑡) − ∑ 𝑢𝑖(𝑥, 𝑡)

𝑚

𝑖=0

|| ≤
𝐻𝑚+1

1 − 𝐻
||𝑢0(𝑥, 𝑡)||. (62) 

 

Proof: 
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||𝑢(𝑥, 𝑡) − ∑ 𝑢𝑖(𝑥, 𝑡)

𝑚

𝑖=0

|| = || ∑ 𝑢𝑖(𝑥, 𝑡)

∞

𝑖=𝑚+1

|| ≤ ∑ ||𝑢𝑖(𝑥, 𝑡)||

∞

𝑖=𝑚+1

, (63) 

                          ≤ ∑ 𝐻𝑖||𝑢0(𝑥, 𝑡)||

∞

𝑖=𝑚+1

≤
𝐻𝑚+1

1 − 𝐻
||𝑢0(𝑥, 𝑡)||. (64) 

It concludes the proof. 

In addition to the graphical comparison, the solutions are also compared numerically for 

𝑡 = 0.01 and specific values of γ.  

Absolute errors of the Caputo-type time-fractional KBF (38) subject to the (39) are given 

in the following table. 

Table 1: Maximum absolute error for the Eq. (34) in Caputo sense with 

𝑡 =  0.01 

 

x/γ 0.45 0.75 0.95 

1 9.20775 × 10−3 2.02589 × 10−4 5.18474 × 10−6 

2 1.12464 × 10−2 2.47444 × 10−4 6.33265 × 10−6 

3 1.37364 × 10−2 3.02229 × 10−4 7.73472 × 10−6 

4 1.67776 × 10−2 3.69143 × 10−4 9.44721 × 10−6 

5 2.04922 × 10−2 4.50872 × 10−4 1.15388 × 10−5 

 

For the conformable time-fractional KBF equation KBF (43) subject to 
the (44), we have the following absolute errors. 

Table 2: Maximum absolute error for the Eq. (43) in conformable sense 

with 𝑡 =  0.01 

 

x/γ 0.45 0.75 0.95 

1 3.30033 × 10−4 1.62209 × 10−7 1.57364 × 10−9 

2 4.03104 × 10−4 1.98123 × 10−7 1.92205 × 10−9 

3 4.92352 × 10−4 2.41988 × 10−7 2.34759 × 10−9 

4 6.01361 × 10−4 2.95564 × 10−7 2.86736 × 10−9 

5 7.34503 × 10−4 3.61003 × 10−7 3.50219 × 10−9 

Analyzing the results represented in Tabs. (1) and (2) illustrates that the 
approximate solutions obtained for the KBF equation in the conformable 
sense are more precise than the ones found for the Caputo-type. Besides, 
the quantitative analysis of the error between the solutions obtained using the 
conformable and Caputo fractional operator and the classical solution reveals 

a marked difference in their performance. For large values of 𝛾 , the 

conformable derivative method consistently achieves a sig- nificantly smaller 
error compared to the Caputo sense. This discrepancy becomes even more 
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pronounced as 𝛾 approaches 1. In this limiting case, the solutions in the 
con- formable sense converge more closely to the classical solution, 
demonstrating a more accurate and precise approximation. In contrast, the 
solutions derived from the Caputo sense exhibit a larger error, underscoring 
the superior efficiency and precision of the conformable operator in 

approximating the classical solution as 𝛾 →  1. 

6      Conclusion  

This study examines the time-fractional KBF equation, a sophisticated model that 

encompasses diffusion, dispersion, dissipation, and logistic reaction processes, using both 

Caputo and conformable fractional derivatives. The solutions obtained are visually 

displayed in 3D and also presented in 2D for various values of γ. Visualizations in 2D and 

3D demonstrate the convergence of approximate solutions to the exact solution as the 

fractional order γ → 1. As shown in graphical representations and tabulated absolute error 

data, the approximation based on the conformable derivative yields superior accuracy 

compared to the Caputo derivative.  This advantage stems from the conformable 

derivative's straightforward definition, simplifying its application and mitigating the 

computational complexities inherent in traditional fractional calculus. Furthermore, the 

conformable derivative aligns with key properties of classical derivatives, such as product, 

quotient, and chain rules, which are not fully satisfied by the Caputo derivative, enhancing 

its applicability across diverse fields. Approximate solutions for the KBF equation were 

obtained using the Laplace-Adomian Decomposition Method (LADM), a direct and 

efficient approach to solving fractional partial differential equations (FPDE). The LADM's 

ability to easily handle different fractional derivatives makes it an ideal tool for addressing 

a wide range of FPDEs in science and engineering. This comparative study underscores 

the efficacy of fractional operators, specifically Caputo and conformable derivatives, in 

modeling diffusion, dispersion, dissipation, and reaction processes. Our findings 

demonstrate their potential to capture nonlocal and memory effects, offering a more 

accurate and flexible approach compared to integer-order models.  

The fractional order parameter allows for precise model tuning to match experimental data 

and physical insights. However, the optimal choice of the fractional operator depends on 

the system's specific characteristics. By advancing our understanding of fractional calculus 

and its applications, we can unlock new insights into complex systems and develop 

innovative solutions to real-world challenges. 

Future research may focus on several extensions of the current framework: Incorporating 

multi-dimensional geometries and more complex boundary conditions (e.g., Neumann, 

mixed-type) to study anisotropic effects; Extending the method to stochastic or uncertain 

fractional models using random perturbations or noise terms; Conducting a rigorous 

stability and convergence analysis under variable-order fractional operators; Combining 

the LADM with Monte Carlo simulations or spectral techniques to quantify uncertainty 

and improve computational performance; Such developments will further establish the 

LADM as a powerful analytical-numerical hybrid tool for solving a wide range of 

nonlinear fractional physical and engineering systems. 
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